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Systematic exploration of the correlation between macroscale properties and 
microstructure attributes provides decision support to design new material microstructures 
with tailored properties. Currently no systematic approach exists that correlate overall 
fracture behavior of ductile polycrystalline materials with their microstructure attributes 
such as grain size, grain orientation distribution functions, grain boundary misorientation 
distribution etc. With an aim of establishing correlation between fracture toughness and 
microstructure attributes of ductile polycrystalline metals, a cohesive finite element 
method (CFEM) based multiscale computational framework is developed. The framework 
uses fully resolved 2D and 2.5D microstructures and explicitly models crack propagation 
through the grains and along the grain boundaries. A misorientation angle dependent 
interfacial relation is assumed for the grain boundaries to incorporate the effects of grain 
boundary charcteristics. A crystal plasticity formulation is adopted for the grains to account 
for their anisotropic deformation. Fracture resistance is measured in terms of JIC, KIC, and 
crack growth resistance curves. The framework also captures the competitions between (a) 
intergranular and transgranular mechanisms of fracture, and (b) plastic deformation and 
crack growth.  
 
The computational framework is then applied to bcc Mo, and the model parameters 
are calibrated to match the fracture behavior of Mo. The first part of the work focuses on 
the effects of grain boundary behavior on fracture. The results indicate that the overall 




skewness in misorientation angle dependent profile of grain boundary strength increases. 
Intergranular fracture tends to lower the fracture resistance and transgranular fracture acts 
as an effective toughening mechanism due to the associated plastic dissipation. Fracture 
toughness increases with increasing mean intercept grain size since coarser grains provide 
longer mean free path for transgranular fracture.  
 
The second part of the work focuses on the effects of crystallographic texture on 
fracture. Two of the prime bcc texture components are considered in this study. As the 
fraction of textured grains increases, the overall fracture toughness increases. Fracture 
resistance tends to increase with increasing skewness in the grain size distribution, 
decreasing density of weaker grain boundaries, and increasing density of favorably 
oriented primary slip systems. The use of multiple statistically equivalent instantiations of 
microstructure facilitates characterising the stochasticity in fracture toughness evaluation. 
Further analyses of results led to development of mathematical relations to correlate the 
fracture toughness with microstructure attributes. 
 
Finally the 2D model is extended to a 2.5D model to understand the effficacy of the 
assumptions made for the 2D model. Even though the basic trends revealed by the 2D 
model remain unaffected, the 2.5D model introduced plastic dissipation in intergranular 
fracture. This led to the conclusion that the transgranular and intergranular proportions of 
crack propagation is to be optimized for maximum fracture resistance. The overall 
methodology established in this work has the potential to be used in materials design 








1.1 Background and Motivation 
The history of mankind is full of tragic incidents that find their roots in material 
fracture. A shipwreck was commonplace during the world war II. Chains of incidents with 
the navy brought the engineers’ attention to the phenomenon of material fracture. As a 
result, Griffith [1] and Weighardt’s [2] findings on material fracture gained huge impetus 
and the field of fracture mechanics came into existence with further developments by E. 
Orowan [3], and G. R. Irwin [4, 5] based on Westergaard [6] and Kies [7, 8] prior efforts. 
The next few decades saw myriads of new concepts and ways to characterize materials’ 
fracture behavior. G. R. Irwin and the contemporaries laid the basic foundational blocks 
for linear elastic fracture mechanics (LEFM). LEFM handled brittle fracture satisfactorily. 
However, further development of elastic plastic fracture mechanics was due to explain and 
characterize ductile fracture toughness. Based on earlier works of Irwin [9], Dugdale [10] 
and Barenblatt [11] introduced cohesive zone model to analyze the fracture process zone 
at the crack tip in ductile materials. Wells [12] further introduced the concept of crack 
opening displacement as a measure of fracture toughness. Rice, Hutchinson and his 
colleagues [13-17] developed the concept of path independent J-integral that can be used 
both as an energy release rate and stress intensity parameters under some caveats. However, 
the catastrophes did not cease to happen. There are series of ship wreckages, failure of 
aircrafts that continue to happen, even in 2018. Therefore, despite the several developments 
in the field of fracture mechanics, multitudes of questions still remain to be answered, and 




multiscale nature of the phenomenon. The fracture toughness measured in terms of KIC, 
JIC, CTOD etc., manifests the material behavior in the macroscale and does not reflect the 
microstructural evolutions during the process. Several evidences exist that show that 
microstructure influences the fracture toughness, however, works to directly correlate the 
two are still inadequate. Knowledge of the correlation between the microstructural 
attributes and the macroscale fracture behavior is the key to design novel materials or novel 
microstructures for customized behavior. In this chapter, the existing computational and 
experimental works that investigate the effect of microstructure on fracture are reviewed 
and discussed.   
 
1.2 Review of microstructure sensitive computational modeling of 
fracture 
Systematic exploration of the correlation between macroscale properties and 
microstructural attributes is the key to design new materials with microstructures for 
tailored properties. Extensive studies have been carried out on ways to enhance material 
behavior through microstructure design [18-21] in the last few decades. To understand the 
role of microstructural attributes like the grain orientation and grain boundary 
characteristics on fracture, microstructure-sensitive modeling of fracture processes began 
with the advent of computational micromechanics in mid-1980s. The fracture toughness of 
brittle materials such as ceramics and composites have been quantitatively correlated with 
microstructure by accounting micromechanisms of crack propagation [22-27]. For 
polycrystalline ductile materials, less has been done towards explicitly tracking crack paths 




After Asaro and colleagues [32-36] developed early finite element models to analyze 
deformation in ductile polycrystals, Needleman and colleagues [37-40] adopted finite 
element method to study ductile fracture by void nucleation and growth at the grain 
boundaries. They further extended these approach to model interfacial failures using 
cohesive zone methods and cohesive finite element methods [39, 41-43]. In Liu et al., 
Srivastava et al., Tvergaard and Needleman [29, 44-46], ductile fracture is modeled via 
void nucleation and growth associated with inclusions or second phase particles using 
modified Gurson’s models [47, 48]. The polycrystalline grain structure is not explicitly 
modeled. Polycrystalline grain structures are considered by Guo et al. [49], and Osovski et 
al. [50], in analyses of intergranular crack propagation in β-Ti alloys. The results show that 
the intergranular crack propagation acts as a toughening mechanism and the ductile crack 
growth resistance is dependent on crack paths in a manner similar to brittle crack growth 
resistance. Osovski et al. [31] analyzed the potential of crack path engineering in 
polycrystalline ductile materials. Molkeri et al.  [51] analyzed the intergranular crack 
growth resistance as a function of the grain size. Musienko et al. [52] analyzed 
intergranular fracture in the context of corrosion. 
 
Based on the earlier works of Asaro, Needleman and colleagues, Zikry et al. [53-56] 
investigated the effects of grain orientation distribution and grain boundary characteristics 
on micromechanisms of fracture using large scale computational crystal plasticity finite 
element methods. Sreeramulu et al. [57] analyzed the effect of texture on stationary crack 
tip fields using crystal plasticity finite element modeling. Kowalski et al. [58] predicted the 




aggregate. They considered textured grains and cohesive interfaces along the grain 
boundaries (GB). However, the model neither attempted to measure the fracture toughness 
nor delineated the effect of texture systematically. In a recent work by Wilson et al. [59], a 
microstructure-sensitive driving force for crack growth was evaluated using discrete 
dislocation plasticity, crystal plasticity and extended finite element method. Even though 
the model assumed textured polycrystalline microstructure, no direct correlation between 
texture and fracture was established. Simonovski and Cizelj [60] showed that intergranular 
cracking in stainless steel wires is heavily influenced by texture of polycrystalline 
aggregates. However, the influence on fracture toughness or fracture micromechanisms 
was not quantified. Clayton and Knap [61] employed phase field theory and finite element 
modeling to simulate the competition between fracture and twinning in both single and 
polycrystals. Again, the effect of texture has not been characterized systematically. Chen 
et al. [27] analyzed the effects of grain orientation and grain boundary misorientation on 
fracture of polycrystals using a non-local lattice particle model. However, they analyzed 
the microstructural effects only on crack propagation paths. No comments were made on 
the macro scale fracture toughness values. In a recent work, Bond and Zikry [62] analyzed 
qualitatively the effects of grain orientation and grain boundary misorientation on 
competition between transgranular and intergranular crack propagation. They provide 
important insights in terms of dislocation pile ups and directional slip rate that leads to 
crack propagation inside the grains or along the GBs. To correlate fracture toughness with 
microstructural attributes, Li and Zhou [22, 23, 30] developed a cohesive finite element 
based multiscale model. They extented the model to a 3D polycrystalline microstructure 




However, The model assumes uniform GB properties and does not account for the effects 
of the misorientation angle.  
 
1.3 Review of the experimental studies on influence of microstructural 
attributes on fracture 
Besides the computational efforts, some experimental studies exist [63-69] that 
attempted to establish the correlation between fracture toughness and grain orientation or 
GB misorientation using bicrystals with preferred orientations and GB with pre-determined 
misorientation. Watanabe and colleagues [65, 66, 69] worked extensively on GB 
engineering and delineated the variation of GB fracture strength as a funcion of the GB 
characteristics in different materials. Kokawa et al. [70], and Kobayashi et al. [68] used 
bicrystals of Al to study the effect of grain boundary character distribution (GBCD) on 
creep behavior. Watanbe and colleagues [63, 64] also worked on Zn bicrystals and 
polycrystals to delineate the effects of GBCD on fatigue and creep. Watanabe and 
colleagues worked extensively on Mo and reported fracture stress as a function of the GB 
misorientation angle [65, 66, 69]. In particular, they reported that the GB fracture strength 
in pure Mo varies nearly sinusoidally with the GB misorientation angle as shown in Figure 
1.1. Bantounas et al. [71, 72] reported cracking in Ti-6Al-4V system as a function of the 
GB misorientation angle. All these experiments show that the GBs with higher 
misorientation angle in the renge of 15-65 are fracture prone sites. Arafin and Szpunar [73] 
analyzed the susceptibility for intergranular cracking in Mo as a function of GB 
misorientation angle. Bachurin [74] qualitatively correlated crack paths in polycrystalline 




experimental observations reported by Watanabe and colleagues as did Roy and Zhou 
2020. However, none of these above mentioned works systmatically characterized the 











Figure 1.1: Fracture stress as a function of the GB misorientation angle. Reproduced from 
Watanabe and Tsurekawa [67]. 
 
 
1.4 Scope and Organization of This Thesis 
Despite several efforts in both computational and experimental works to relate 
macroscale fracture behaviour with microstructure attributes in polycrystalline ductile 
materials, complete understanding of the trends has not been adequately achieved. 
Currently, no systematic approach exists to explicitly quantify the combined effects of 
different microstructure attributes on the fracture measures for ductile fracture of 




frameworks that can systematically establish the trends between fracture measures and 
microstructure attributes. In order to achieve this, our major objectives are to 
1) develop a 2D cohesive finite element based concurrent multiscale model to 
simulate fracture in polycrystalline ductile materials; 
2) develop ways to measure the macroscale fracture toughness in terms of JIC, 
KIC and validate the model with realistic values; 
3) explore the effects of microstructural attributes on magnitudes of fracture 
toughness and fracture micromechanisms with a focus on the effects of 
grain boundary characteristics; 
4) analyze the stochasticity in fracture and establish mathematical correlation 
between the fracture toughness, fracture micromechanisms and the 
microstructure attributes; 
5) enhance the capability of the model to take into account the anisotropic 
deformation of grains and explore the effects of crystallographic orientation 
on fracture;  
6) extend the 2D computational framework into 3D and compare among 2D, 
2.5D, and 3D modeling of microstructure-sensitive fracture. 
 
Chapter 2 describes the 2D multiscale computational framework that explicitly 
tracks the crack path through the polycrystalline microstructure and incorporates the effects 
of GB characteristics. Chapter 3 discusses the material and microstructure used for the 
computational framework. Chapter 4 describes the methods to characterize the fracture 




observations reported in the literature. It also shows that the model is able to capture (a) 
the competition between intergranular and transgranular fracture mechanism, and (b) the 
competition between crack growth and plastic deformation. Chapter 5 explores the effects 
of microstructure attributes such as the grain size, grain boundary characteristics on 
fracture toughness and fracture micromechanisms. It also analyzes the stochasticity in 
fracture and establishes a mathematical correlation between fracture toughness and 
microstructural attributes with a focus on the grain boundary behavior. Chapter 6 extends 
the capability of the model to incorporate a crystalline plasticity formulation to simulate 
the effect of grain anisotropy. This work further analyzes the effects of crystallographic 
texture and finally establishes a mathematical correlation between macroscale fracture 
measures and microstructure attributes. In Chapter 7, the 2D model is extended to a 2.5D 
formulation. Comparisons are made among 2D, and 2.5D modeling of fracture in terms of 
efficacy of the different frameworks in capturing simultaneously the microstructure effects 
and the competitions between different fracture mechanisms and plasticity explicitly. 
Chapter 8 summarizes the contributions and conclusions of this work and outlines the 











In this chapter, a material is chosen for the entire study and microstructures are 
generated and characterized. In order to understand the effects of microstructure attributes 
on fracture behavior in terms of both fracture toughness and fracture micromechanisms, 
microstructures are generated by systematically varying the grain orientations, grain 
boundary misorientations, grain size distribution etc. The polycrystalline microstructures 
were generated using the Voronoi tessellation function, and the orientations were 
phenomenologically assigned to the grains. The use of computational methods to generate 
microstructure enables generating statistically equivalent microstructure sample sets 
(SEMSS). Computations on SEMSS further facilitates characterization of stochasticity in 
fracture toughness.  
 
 Section 2.2 provides the details related to generating microstructures with random 
orientations and characterization of grain boundaries in terms of the misorientation angle. 
Section 2.3 provides the details of the microstructures with preferred orientations or 
crystallographic textures.  
 
2.2 Polycrystalline microstructures with random grain orientations 
In order to account for the effects of grain orientations and the GB characteristics on 




chosen due to the existence of significant relevant experimental data ([63]; [64]; [65, 66, 
69]). Specifically, the data for unalloyed Mo [69] show that GB fracture strength exhibits 
a near sinusoidal variation with the grain boundary misorientation angle. GBs with 
misorientation angles below 15˚ or above 75˚ are nearly as strong as the grains, but GBs 
with misorientation angles in the range of 15˚ - 75˚ can have strengths as low as half of that 
of the grains. These low fracture strength GBs are the likely sites for crack initiation and 
propagation. 
 
The polycrystalline microstructures are generated using the Voronoi tessellation 
function. Four levels of grain size (measured in terms of the mean grain intercept length) 
are considered. To quantify the stochasticity in fracture behavior due to variations in 
microstructure morphology, twenty statistically similar instantiations of microstructure for 
each grain size are used. Figure 2 shows four representative instantiations from each of the 
four statistically equivalent microstructure sample sets (SEMSS). In all cases, the grains 
are randomly orientated. A set of Euler angles ( )1 2, ,Φ Φ Φ  is used to specify the orientation 
of each grain with respect to the specimen axes. The grain orientations in Figure 2.1 are 
denoted by the plane of the grains that is parallel to the specimen plane (X-Y) using the 
scheme of plane colors in the stereographic projections of the crystallographic plane 
normals on an inverse pole figure map [75]. Due to the cubic crystalline symmetry, the 
stereographic triangle contains all possible grain orientation relations, as shown in the 
figure. Although the color map does not uniquely define the orientation of the grains, it 
indicates that no particular orientation is preferred in the microstructure, i.e. the grains are 




in Figure 2.2(a). The error bars account for statistical variations among the twenty 




Figure 2.1: Four out of twenty instantiations of microstructure from each of the four 
statistically equivalent microstructure sample sets (SEMSS). The colors in the 
stereographic triangle indicate the crystalline plane normals of grains parallel to the Z axis 











Figure 2.2: (a) mean intercept grain sizes and (b) grain boundary density as functions of 





Due to the random orientations of the grains, GBs are associated with a range of 
misorientation angles. Since fracture strength is a function of the GB misorientation angle 
[69], the GB misorientation angle is calculated. This angle is the angle by which one grain 
is to be rotated about an axis common to the contacting grain pair in order to bring the 
grains into coincidence. The Euler angle sets are used to calculate the orientation matrix 
(g) for all grains. This matrix is 
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−∆ =   (2.2) 
 
where g1 and g2 are the orientation matrices of two neighboring grains. The misorientation 
angle (θ) is then calculated using the trace of the misorientation matrix via 
 
 ( )1cos 1 .
2
trace gθ = ∆ −     (2.3) 
 
The axis of misorientation can be calculated using the off-diagonal terms of the 
misorientation matrices. Since our focus is on resolving the fracture behavior of GBs as a 
function of their misorientation angles, the misorientation axes are not shown. Figure 2.2(b) 










ρ =   (2.4) 
 
where Lgb is the total length of GBs at a given misorientation angle, and Am denotes the 
area of the microstructure region. The GBs with misorientation angles in the range of 15°-
75° are the fracture prone sites in a polycrystalline material and are hence called the weaker 
GBs with an associated density of Wgbρ . Figure 2.3 compares a computationally generated 
microstructure with an experimentally obtained microstructure obtained by Sturm et al. 
who reported the mechanical properties of unalloyed Mo having an average grain size of 
97 µm [76]. The grain structure of this Mo is very similar to the computationally generated 







Figure 2.3: (a) computationally generated polycrystalline microstructure, (b) optical 
micrograph of an unalloyed Mo [76]. 
 
 
2.3 Polycrystalline microstructures with crystallographic texture 
Multiple texture components are observed in Mo depending upon different 
processing routes and deformation modes like hot rolling, cold rolling, shearing etc. Some 
of these texture components remain in the annealed recrystallized microstructure. The 
rotated cube component {001}<110> is the most common type [77-82]. To delineate the 
effect of texture, we design microstructures with controlled proportions of textured grains 
and randomly oriented grains. First, microstructures are generated with randomly oriented 
grains with a mean intercept grain size of ~70 µm using the Voronoi tessellation function. 
A set of Euler angles ( )1 2, ,Φ Φ Φ  is used to specify the 3D orientation of each grain with 
respect to the specimen axes. This microstructure is labeled as the one with 0% textured 




preferred orientations are characterized by two prime texture components, the rotated cube 
component and the Goss component. The Goss component {011}<100> preferably aligns 
the primary slip systems with the X-Y plane of the specimen. This facilitates enhanced 
plasticity in the grains and thus magnifies the competition between plasticity and new 
surface creation. The fraction of TG is increased to 50%, 70%, and 100% in three other 
sets of microstructures. The microstructure with 100% TG contains ~25% {001}<110> 
texture components and remaining ~75% {011}<100> components. The proportion of the 
two texture components remains the same in all four sets of microstructure with a non-zero 
fraction of TG. Five statistically equivalent microstructure samples are generated for each 
case. The microstructure in Figure 2.4(e) exhibits distinct texture components 
corresponding to {001}<110> and {011}<100> as shown in the corresponding (011) pole 
figure (Figure 2.5(e)). As the fraction of TG decreases, the intensity of the texture 
components decreases and the pole figure depicts no preference for a particular orientation 
type (Figure 2.5(a)). The grains with preferred orientations have the primary slip systems 
(PSS) favorably aligned for easier activation of slip. Different orientations facilitate 
favorable alignment of some of the four primary slip systems of Mo. Figure 2.5(f) shows 
the fraction of the grains with favorably oriented primary slip systems. These slip systems 
are ranked in terms of their critical resolved shear stress (CRSS). The figure plots these 
fractions as a function of the CRSS/C44. Lower value of the CRSS/ C44 denotes ease in 
activating slip. As expected, the fraction of grains with favorably oriented PSS increases 
with increasing fraction of the TG.  
 
Effective mean intercept grain size distributions are shown in Figure 2.6(a) – (e). The 




microstructure with 0% TG. As the fraction of TG increases, the effective grain size 
distribution changes progressively showing a larger peak at a smaller range of grain size 
and a small signal at a comparatively higher value of the grain size (Figure 2.6(d)-(e)). The 
grains with {110}<100> texture behaves almost like a 2nd phase matrix material without a 
distinct polycrystalline grain structure in Figure 2.6(d)-(e). Figure 2.6(f) shows that the 
mean intercept grain size G  remains nearly constant with increasing fraction of TG. 
However, the maximum value of the grain size maxG  increases with increasing fraction of 
















Figure 2.4: One out of five instantiations of microstructure from each of the five 
statistically equivalent microstructure sample sets (SEMSS). The colors in the 
stereographic triangle indicate the crystalline plane normals of grains parallel to the Z axis 














Figure 2.5: (a) – (e) (011) pole figures showing the orientation distribution functions of the 
five SEMSS. The color represents intensity of a particular orientation measured in arbitrary 
units. (f) fraction of grains with favorably orientated primary slip systems as a function of 





















Figure 2.6: (a) – (e) Mean intercept grain size distributions for five SEMSS, and (f) 




Figure 2.7: (a) – (e) distribution of grain boundary misorientation angles for five SEMSS. 





The Voronoi tessellation function provides a way to efficiently generate multiple 
statistically equivalent instantiations of polycrystalline microstructure using minimal 
computational cost. These microstructures resemble the experimentally obtained 
microstructures reasonably well. The microstructures are characterized in terms of the 
mean grain intercept length. The grain orientations are characterized using the pole figures. 
Also, the grain boundary characters are defined in terms of their misorientation angle. The 
first sets of SEMSS with random grain orientations are used to explore the effects of grain 
boundary character as discussed in Chapter 5. The second sets of SEMSS with varying 
fraction of textured grains are used to study the effect of grain orientations as discussed in 
Chapter 6. These 2D microstructures are also used in the generalized plane strain modeling 
described in Chapter 7. 









In this chapter, a Cohesive Finite Element Method (CFEM) based multiscale 2D 
framework is developed to evaluate material fracture toughness through simulation of 
fracture processes in polycrystalline microstructures. This framework uses concurrent 
modeling of crack propagation through grains and grain boundaries and the load-
displacement response of the laboratory scale fracture toughness test specimen. Different 
constitutive relations are assigned to different sections of the model. For microstructures 
with random orientations, simple bilinear elastic plastic law is used. For the microstructures 
with texture, a crystalline plasticity model is used to account for the anisotropic 
deformation of the grains. The homogeneous region always uses the bilinear elastic-plastic 
response. The constitutive relation for the interfaces takes into account the effects of grain 
orientation and grain boundary misorientation. This approach uses the J-integral to 
quantify the fracture resistance as a function of microstructural attributes. It also provides 
a means for calibrating model parameters at the microscale through macroscale responses 
which can be easily measured in experiments.  
 
Section 3.2 provides the multiscale framework used in this computation. The 
material models used for different sections of this multiscale 2D framework are discussed 




3.2 Multiscale framework 
Since the pioneering work of Xu and Needleman [42], the cohesive finite element 
method (CFEM) has been extensively used in many applications, including modeling 
debonding, arbitrary crack propagation through different microstructural constituents, and 
phase boundaries [22, 23, 83-85]. The primary aim here is to quantitatively relate fracture 
toughness to microstructural attributes and the competition between different fracture 
mechanisms. To achieve this, it is necessary to explictly resolve microstructural level 
fracture processses. Following Li and Zhou [30], we adopt the CFEM to explicitly track 
transgranular and intergranular crack propagation in fully dense microstructures with 
grains and grain boundaries. The multiscale CFEM computational configuration is shown 
in Figure 3.1. A compact tension specimen is used to simulate laboratory-scale fracture 
toughness tests. The configuration meets all requirements of the ASTM standard [86] for 
plane strain fracture toughness and J-integral measurements. The overall dimensions of the 
CT specimen are 6.12 mm × 6 mm. The microstructure region is 2.5 mm × 2.5 mm in size 
and is inserted around the tip of the pre-crack of 2.25 mm in length. The CFEM is 
implemented in the microstructure region which is stitched to the homogeneous section 
using a mesh-tie constraint, just as in [22]. The size of the microstructure region is so 
chosen such that the plastic zone is fully within this region. Overall mode-I loading is 
effected through an imposed load point displacement, as indicated in Figure 3.1. The edges 












Figure 3.1: Multiscale computational framework for prediction of fracture toughness of 
ductile metals with microstructures. 
 
 
3.3 Material models 
In this section the constitutive relations used for the materials are discussed. The 
bulk material follows a simple bilinear elastic-plastic constitutive law. The grains within 
the microstructure region assumes the same bilinear stress-strain response for the first part 
of the work in which the focus is on exploring the effects of grain boundary behavior. Later, 
crystal plasticity theory is used to model anisotropic deformation of grains. Crystal 
plasticity formulation is introduced in 2D in order to investigate the effects of 




boundaries follow cohesive traction-separation laws that evolve with the grain boundary 
misorientation angle.  
 
3.3.1 Bilinear elastic plastic constitutive relation 
In order to model a ductile material response, a bilinear elastic-plastic constitutive 
relation is assumed. The constitutive law follows the following equation. 
 
 ( ) ,pσ = C ε - ε   (3.1) 
 
where σ, ε, εp, and C represent the stress, strain, plastic strain, and the stiffness tensor 
respectively. The stress tensor could be decomposed in terms of the hydrostatic component 
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ε ε I : ε ε I
  (3.3) 
 
where I is a 2nd order identity tensor. Beyond yielding, the equivalent stress-strain response 
follows the linear equation given as, 
 
 ,py kσ σ ε= +   (3.4) 
 
where, σy is the Mises yield stress that corresponds to the yield strength estimated from 
uniaxial tensile test of a material and the k represents the strain hardening in this bilinear 
equivalent stress-strain curve. The magnitudes of these parameters are taken from [76]. 
The solid black line in Figure 3.2(a) shows the equivalent stress-strain constitutive law for 
the Mo. The dotted lines correspond to the other four levels of yield strength considered. 
The rate of strain hardening remains the same in all five cases. Figure 3.2(b) depicts that 
the bilinear stress-strain model is in close agreement with the experimentally obtained 
stress-strain response of unalloyed Mo [76]. 
 
For isotropic material response in the homogeneous region, 
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where E  represents the effective elastic modulus and ν  is the effective Poisson’s ratio for 
the homogeneous material. Within the microstructure region, the grains either follow an 
isotropic elastic plastic constitutive law or an orthotropic elastic plastic constitutive law. 
For the orthotropic elastic response inside the bulk microstructure region, the stiffness 
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The effective elastic constants for the homogeneous region are calculated using the self-
consistent method as [87], i.e., 
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Where G , and B  represent the effective shear, and bulk modulus of the 
polycrystalline aggregate respectively. The magnitudes of all these elastic constants are 
taken from [88] and are shown in Table 3.1. 
 
 










Figure 3.2: (a) Bi-linear elastic-plastic constitutive relations for Mo at different yield 
stress levels, (b) comparison of the bi-linear material model with experimentally 
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3.3.2 Traction-separation laws for the interfaces 
In order to model arbitrary crack propagation through the grains and GBs, zero 
thickness 2D cohesive elements are inserted everywhere within the microstructure region. 
The cohesive elements follow a bilinear traction separation law implemented in ABAQUS. 
In this cohesive model, the traction applied on any cohesive surface (t) is work conjugate 
to the interfacial separation ( ).δ For 2D zero thickness cohesive elements, the uncoupled 
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where nt = ⋅n t , st = ⋅s t , nδ = ⋅n δ , and sδ = ⋅s δ  are the normal and tangential 
components of t and ,δ respectively, and n , s  are the unit vectors normal and tangential to 
the cohesive surface. K represents the stiffness tensor connecting t and δ . ncδ and scδ  are 
the critical normal and shear separations at which the cohesive strength vanishes and the 
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In our calculations, the maximum cohesive strength is assumed to be the same in both the 






max .n st t T= =   (3.10) 
 
Damage evolves linearly and the material softens until the energy dissipated 
reaches the critical cohesive energy level denoted as 0Φ . A scalar damage variable D 
represents the overall damage behavior in the material, and the traction components are 
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where ′t  represents the traction components predicted by eq. (3.8) without considering 
damage. The limiting values of 0D =  and 1D =  correspond to zero separation and 
complete element degradation, respectively. Complete separation occurs when the 






mT δ⋅ ⋅ = Φ   (3.12) 
 
The normalized traction τ  and the normalized separation λ  shown in the Figure 
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m mλ δ δ=  denotes the normalized separation at which damage sets in and 
the traction reaches the maximum value. Hence the reciprocal of 0λ  represents the initial 
stiffness of the normalized traction-separation cohesive relation.  
 
In order to incorporate the effect of GB characteristics on fracture, we invoke the 
theory of internal state variables and express the cohesive parameters as function of the GB 
misorientation angles. Different properties are assigned to the interfaces within the grains 
and along the GBs. Along the GBs, the cohesive energy of the interfaces vary with the GB 














Φ = Φ 

= 
  (3.14) 
 
According to the experimental observations reported in the literature [69], GBs with 




variation of fracture strength with the GB misorientation angle as reported in [69] could be 
approximated by a sinusoidal function as formulated below. 
 
 


























  (3.15) 
 
GT  and minGBT  represent the maximum and minimum values of the GB fracture strength ( )GBT
, respectively. The maximum value of the GB fracture strength is the same as the interfacial 
strength within the grains ( )maxGB GT T= . Figure 3.3(b) shows profiles of the GB fracture 
strength for different values of minGBT  while GT  is kept constant. These cases can be 
distinguished by the ratio min/G GBQ T T= , which represents the degree of variation of ( )GBT θ  
as the GB misorientation angle changes. The values of the cohesive parameters used are 
shown in the Table 3.2. The maximum cohesive energy used in this model scales with the  
fracture toughness of pure Mo. The range of misorientation dependent variation of the GB 
fracture strength is obtained from the experimental observations reported in the literature 
[69]. Further calibration of the cohesive parameters is described in the next section. 
Following the convergence criterion described by [84], the lower bound of the cohesive 



















The upper bound of the cohesive element size is given as, 
 
 












  (3.17) 
 
The element size (5 µm) used in this work falls well within this range and also 
efficiently models the grain structure.  
 










Figure 3.3: (a) Bi-linear traction-separation relation for the cohesive crack faces, (b) 
variation of the cohesive energy with grain boundary misorientation angle. 
 
 
Q  nnK  (MPa) 
( )0 maxΦ
(kJ/mm2) G
T (MPa) minGBT (MPa) 
1.1 500×106 1 962.5 875 
1.5 500×106 1 962.5 641.67 




3.3.3 Crystalline plasticity formulation for the grains 
Plastic deformation in metals is a manifestation of dislocation motion and 
interaction at the microscopic scale. The details are intimately related to the 
crystallographic structure of the material as well as the current state of the microstructure. 
Macroscopic models of plasticity lack the ability to link these fundamental mechanisms to 
the bulk material response without very substantial experimental characterization. Many 
formulations of constitutive laws for the elastic-plastic deformation of single and 
polycrystals have long been proposed [90-94]. The basic premise of these theories is that 
macroscopic plastic deformation is related to the cumulative process of slip system 
shearing relative to the lattice. This methodology provides a physical link between the 
processes at different length scales. The two basic components of crystal plasticity model 
are the kinematic and kinetic relations.  
 
The multiplicative decomposition of the total deformation gradient is given by 
 
 e p= ⋅F F F ,   (3.18) 
 
where eF  is the elastic deformation gradient representing the elastic stretch and rotation 
of lattice, and pF  is the plastic deformation gradient describing the collective effects of 
dislocation motion along the active slip planes relative to a fixed lattice in the reference 
configuration. Unit vectors 0
αs  and 0
αn  denote the slip direction and the slip plane normal 




resolved shear stress on each slip system is related to the Cauchy stress tensor σ  according 
to  
 
 ( ) ,α α ατ = ⊗σ: s n   (3.19) 
 
where the slip vectors have been rotated into the current configuration. Under the 
application of the resolved shear stress, the shearing rates αγ  on the slip systems are related 
to the plastic velocity gradient in the intermediate configuration according to 
 
 0 0 ,
p α α α
α
γ= ⊗∑L s n   (3.20) 
 
with αγ  ascribed to follow the rate-dependent flow rule as 
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where m  is the inverse strain rate sensitivity exponent and gα  and αχ  are drag stress and 









α α α α
γ












Here qαβ  is the latent hardening coefficient, H , kinA  and dynA  are the isotropic 
hardening, kinematic hardening and dynamic recovery coefficients, respectively. These 
non-linear coupled differential equations are solved using UMAT [95].  
 
For Mo with bcc crystal structure 24 slip systems of {110}<111> type are 
considered since the prior experimental works suggest that almost under all circumstances, 
activation of the {110}<112> type slip systems is rather rare [96-99]. Also, for bcc crystals, 
the dislocation core spreads into multiple planes and that gives rise to twinning-anti-
twinning asymmetry in yielding. The criterion for yielding thus considers two shear 
stresses parallel and two shear stresses perpendicular to the slip direction, both resolved in 
two different {110} planes of the zone of the slip direction. For the [111] slip direction  
such a yield criterion is expressed as [97], 
 
 ( ) ( ) ( ) ( )101 101 101 1011 2 3 ,CRSSa a aσ σ τ τ τ+ + + =   (3.23) 
 
where { }110σ  and { }110τ  are the shear stresses parallel and perpendicular to the slip direction, 
respectively, in the corresponding {110} planes. The first term in the above equation is the 
Schmid stress and this drives the dislocation motion in the glide plane and does work 
through the glide. The last three terms are the non-Schmid stresses that affect the 
dislocation core but do not do any work when the dislocation glides. The values of the 
coefficients a1, a2, and a3 are taken from[97]. 
 
The phenomenologically assigned 3D orientations of the grains are first used to 




Any slip system that lies out of the plane of the specimen is arbitrarily assigned a CRSS 
which is one order of magnitude higher than the CRSS values for primary slip systems 
lying in the XY plane of the specimen. This is to ensure that the slip systems lying out of 
the plane is never activated. Also, the 2D crystal plasticity model employs a single slip 
model to represent the macroscopic uniaxial stress-strain behavior of Mo. Cross-slip within 
a single grain is neglected. Figure 3.4 shows the effective stress-strain curve obtained using 
this single slip assumption on a 2D microstructure with randomly oriented grains under 
plane strain conditions does not deviate much from the experimentally obtained stress-
strain curves reported in [76]. The single slip assumption results in higher constraints for 
plastic deformation and as an outcome the grains yield at a relatively higher value of stress 
than what is experimentally observed. Even though the model overestimates the yield 
stress, the hardening is very similar to what is observed in experiments. Further 2.5D and 
3D models are developed where multiple slip systems get activated simultaneously and 
thus simulates more realistic plastic deformation behavior of the grains. 
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Figure 3.4: Comparison of the Mises stress – effective strain response calculated from the 





A cohesive finite element method (CFEM) based multiscale computational 
framework is developed for predicting fracture toughness of materials as function of 
microstructure. This framework provides a means for evaluating fracture toughness 
through explicit simulation of fracture processes in microstructures. The approach uses the 
J-integral, allowing fracture toughness to be calculated for microstructures with random 
heterogeneous phase distributions and fracture processes with arbitrary crack paths or 
micro-crack patterns. Both 2D and 3D frameworks are developed. Although this 
dissertation focuses on specific materials, the methodology developed can be applied to 










The multiscale framework described in chapter 3 enables us to calculate the 
macroscale fracture response in terms of the fracture toughness KIC, JIC. Also, the 
framework captures the competition between different fracture mechanisms by explicitly 
tracking the crack path through the polycrystalline microstructure. The framework also 
facilitates capturing the competition between plastic deformation and crack growth. In this 
chapter, the methods to determine the overall fracture response and capture the two 
competitions are described in detail. The model parameters are calibrated to match 
properties of bcc Mo. 
 
Section 4.2 explains the way to evaluate the fracture toughness and calibrates the 
model to simulate fracture processes in Mo. Section 4.3 establishes mathematical 
expressions to characterize the crack path and thus the fracture mechanisms. Section 4.4 
discusses the specimen size effect. 
 
4.2 Evaluation of fracture toughness 
According to the ASTM standard [86], fracture toughness is calculated from the 
load (P) vs load line displacement (LLD) curves recorded from the loading event of the CT 




the plastic zone size at the growing crack tip is calculated. In order to calibrate the model 
parameters, multiple calculations are performed at different levels of relative strength 
between the interfaces and the grains γ, defined as the ratio between the interfacial strength 







=   (4.1) 
 
For the purpose of calibration, homogenized material properties are considered 
throughout the design space. P vs LLD curves are plotted for all five cases along with the 
crack extension (Δa) as shown in Figure 4.1. As the figure suggests, the material fails at a 
higher load level as the normalized interfacial strength (γ) increases. Also, the rate of crack 
propagation decreases as the γ increases.  
 
Figure 4.2 shows the evolution of the plastic zone size ahead of a growing crack. 
As the figure suggests the plastic zone size at the crack tip reaches a steady state and 
remains constant after a finite amount of crack extension. The growing crack attains the 
steady state earlier for a higher value of γ. The region of constant plastic zone size signifies 
steady state crack growth. In other words, plastic zone required to extend the crack becomes 
constant per unit extension of the crack. As shown in the Figure 4.3, the steady state crack 
growth within the microstructure region is not influenced by the plasticity at the back face 
of the specimen. Also, the microstructure region is large enough so that there is no 
edge/boundary effect on the steady state crack growth. Crack growth through or around 














Figure 4.1: Load (P) -Load line displacement (LLD) - crack extension (Δa) relations 
obtained from numerical simulations for five levels of the ratio (γ) between interfacial 




































Figure 4.3: Evolution of the plastic zone size (rp) as crack growth occurs at five levels of 







For plane strain fracture toughness (KIC) measurement to be valid, the specimen 
dimensions should satisfy the following condition. 
 
 ( ), 8 ,pa W a r− ≥   (4.2) 
 
where, a and W denote the projected length of the growing crack and the width of 
the specimen (5 mm in our case) respectively. In all the cases, this condition is not satisfied 
due to the smaller dimensions of the specimen and higher plasticity of the constituents. 





Therefore, we attempt to calculate the J-integral using paths through the 
homogeneous region outside the microstructure, around the crack, away from the crack tip. 




























∫   (4.3) 
  
Γ  is the crack tip contour along which the integral is calculated as indicated in 
Figure 3.1. Figure 4.4 shows the J-integral values as a function of crack extension for five 
different levels of the γ for the homogeneous isotropic elastic plastic material response. 
The value of J integral corresponding to the crack initiation is termed as Ji and the value 
corresponding to the attainment of steady-state is termed as Jss. For JIC calculations to be 
valid,  
 
 ( ) 25, , .ss
y
Ja W a b
σ
− ≥   (4.4) 
 













Figure 4.4: Variation of J-integral with crack extension (Δa) at five levels of the ratio (γ) 





For an elastic-plastic material modeled using incremental theory of plasticity, the 
J-integral takes into account the energy dissipated through both new surface creation and 
plastic deformation around the crack tip. As suggested by Rice et al., J-integral can also be 
calculated from a single P vs LLD curve, using a point of criticality. The equation for 












 = +     





where, crackδ  is the crack tip opening displacement, and , Dβ  are the geometric constants. 
The values of these constants are taken from [101]. Figure 4.5 compares the thus calculated 
J values with the magnitudes of Ji and Jss calculated through integration following eq. (4.3) 
for all five levels of the normalized interfacial strength. The J values calculated from eq. 
(4.5) corresponding to the initiation of the crack, match perfectly with the values of Ji. In 
case of the J values corresponding to the attainment of steady state crack propagation, the 
integration method tends to underestimate the values. For higher levels of normalized 
interfacial strength, the difference between the J values calculated through eq. (4.3) and 
that calculated using eq. (4.5) narrows down and they are in close agreement for the case 
of γ = 2.5. For all our calculations, the method of integration is employed to calculate the 
J as a function of the crack extension since the integration scheme uses the stress-strain 
field around the crack tip and is not directly dependent upon the geometric factors. 
Therefore, the area integral is believed to yield more reliable measures of fracture 
toughness as a function of material properties rather than the geometric factors of the 
specimen. Hence, we calculate Ji and Jss using the integration method and following the 
popular convention, the Jss is termed as the JIC and it marks the beginning of steady state 
crack propagation. 
 
Since, JIC measurement is valid with our specimen configuration, KIC is calculated 














Figure 4.6 shows the Ji, JIC values along with the values of Ki, KIC calculated using 
the abovementioned equation. As the normalized interfacial strength increases, the values 
of fracture toughness increases. The experimentally determined fracture toughness of pure 
Mo with a grain size of 97 µm is 24.2 + 2.3 MPa√m [76]. The K values fall well within 
this range for the case of γ = 2.5. Hence we take this value of γ for all our subsequent 
calculations. 
 
The J-integral accounts for the total energy dissipated through the process of 
deformation and fracture and thus could be written as a sum of the energy dissipated due 
to the new surface creation and the plastic deformation. Thus, 
 
 .S PJ J J= +   (4.7) 
 
The JS exactly equals the interfacial energy required for the crack to grow. Hence,  
 
 ( )( )max , .cS mJ T θ δ= Φ   (4.8) 
 
Equations (4.7) and (4.8) allow the plastic dissipation rate to be calculated easily. 

















Figure 4.5: Comparison of the fracture resistance in terms of Ji and Jss calculated using 













Figure 4.6: Fracture toughness in terms of J and K at crack initiation and at attainment of 






4.3 Evaluation of fracture mechanisms 
The CFEM based model explicitly tracks the intergranular and transgranular 
fracture mechanisms. The crack propagation paths are resolved along three directions with 
respect to the loading direction (0˚, +45˚, 90˚). The relative contribution of different 
mechanisms towards the overall crack propagation path is quantified through the following 
fractions. 




















  (4.9) 
 
Hg and Hgb represent the overall proportion of transgranular crack path, and the 
intergranular crack path respectively. The L measures the true length of the crack. In 





ξ =   (4.10) 
 
where a represents the projected crack length. Systematic characterization of the 
crack paths and the crack path tortuosity enables capturing the competition between the 





The quantification of various fracture mechanisms and the crack path tortuosity 
also helps us quantify the JS as a function of the crack path descriptors. 
 
 ( ) ( )( ), , , .S g gb g g gb gbJ H H H Hξ ξ θΦ = Φ + Φ   (4.11) 
 
Equations (4.7) and (4.11) allows the contribution of plasticity to be calculated 
easily. Evaluation of the relative contributions of plasticity and surface energy release rate 
to the overall fracture resistance facilitates quantifying the competition between plasticity 
and new surface creation. Multiple instantiations of statistically similar microstructures are 
used to account for the stochasticity of fracture and different fracture mechanisms. The 
results from all these simulations performed on Mo with polycrystalline microstructure 
consisting of randomly oriented grains are discussed in the following sections. 
 
4.4 Specimen size effect 
In order to investigate the effect of specimen size on fracture resistance, the same 
computational framework is adopted on a specimen of 62.5 mm × 60 mm dimensions. 
Figure 4.7 compares the two specimen sizes. Similar to the previously explained 
computational framework microstructure is resolved in a region around the crack tip. Same 
displacement controlled mode I loading is applied to the specimen. Figure 4.8(a) shows the 
crack extension in these two specimens as the load line displacement increases. Even 
though the crack begins to extend at different stages of LLD, the crack growth rates are 
similar in the two cases. J-integral is calculated around the crack tip contour that passes 




curves in Figure 4.8 (b) show that, crack initiates at the same value of J, and also the steady 
state J values are close to each other. Therefore, the fracture toughness measurement is 
independent of the specimen size. The specimen-II (small volume specimen) is used for 
the entire study for saving computational expenses.  
 
 
Figure 4.7: Comparison between the computational frameworks with two specimen 
dimensions. 
 
Figure 4.8: (a) crack extension vs LLD curves, (b) crack growth resistance curves 
obtained from the two specimens with different dimensions subjected to displacement 





This chapter completes all the prerequisites to quantitatively establish the structure-
property relations across length scales. The methodology establishes valid JIC calculations 
and estimation of KIC from the JIC values. The model parameters are calibrated to match 
the fracture toughness of Mo using a homogenized material without any microstructural 
heterogeneities. The merit of this framework lies in the fact that it simulates real material 
behavior unlike some other models which analyze the effect of intergranular crack path on 
overall fracture toughness without paying heed to the real material behavior. Another merit 
of this computational framework calibrated to real material behavior is explicitly tracking 
intergranular and transgranular crack propagation. This chapter establishes how the model 
facilitates capturing the competitions between (a) intergranular and transgranular fracture, 
and (b) plastic deformation and new surface creation. This framework also has the 
capability to include all sorts of microstructural heterogeneities and analyze their effects 
on macroscale fracture toughness values and the fracture mechanisms. Even though the 
material of focus here is Mo, similar approach could be adopted for any other materials 















The computational framework described in the previous chapters is adopted here to 
investigate fracture behavior in Mo. In this chapter, the focus is on establishing the effects 
of grain boundary characteristics in terms of the misorientation angle dependent fracture 
strength. Microstructures analyzed in this section have randomly oriented grains. The effect 
of grain boundary characteristics on fracture behavior in terms of fracture toughness, 
fracture micromechanisms, competition between plasticity and crack growth are 
systematically investigated in the following subsections. 
 
5.2 Numerical Simulations 
The simulations are carried out on four SEMSS with different mean intercept grain 
sizes in the range ~25 – 100 µm. The grains are randomly oriented for all these SEMSS. In 
order to focus on the misorientation dependent fracture behavior of the grain boundaries 
(GB), the anisotropy of grains is neglected. A simple bilinear elastic-plastic stress-strain 
response with isotropic hardening is assumed for the grains and the homogenized region 
outside the microstructure. A misorientation dependent interfacial law is assumed for the 
GB interfaces. Any direction in the grain is assumed to be equally likely to crack in terms 
of the assigned fracture energy. The GB strength profile is varied using three different Q 




on the competition between transgranular and intergranular fracture, and the competition 
between plasticity and crack growth. The results of the microstructure based CFEM 
calculations, the subsequent fracture toughness measurement and analyses are discussed in 
this section. The fracture characteristics of all the specimens subjected to the same sets of 
loading conditions are compared in order to understand the effects of GB characteristics 
and plasticity on fracture behavior. In particular, systematic comparisons are made in terms 
of KIC, JIC, and H, ξ values. 
.  
5.2.1 Effect of grain boundary fracture strength 
To explore the effect of GB fracture strength, three sets of simulations are 
performed using three different GB strength profiles characterized by three different Q 
values (Figure 3.3 (b)). The grain yield strength is the same (385 MPa) for the three cases. 
Figures 5.1 – 5.3 show the results obtained using the SEMSS with a mean grain size of ~95 
µm.  
Figure 5.1 shows the stress distributions and crack profiles of one sample in the 
SEMSS at the three different cases of GB fracture strength. As Q (the ratio between the 
maximum and minimum GB strengths) increases, the crack path becomes more tortuous 
and tends to meander through weaker GB sites. The intergranular fracture is predominant 
at the higher Q values (Figure 5.1(b) and (c)), as indicated by the H and ξ values. Figure 
5.2(a) shows the load vs load line displacement curves along with the crack extension for 
the cases. As the GBs weaken, the crack initiation occurs earlier and the rate of crack 




Figure 5.2(b) corroborate the trend. The crack growth resistance increases as the GBs 
strengthen. The Ki and KIC values obtained from the Ji and JIC values are shown in Figure 
5.3(a). For the material with the strongest GBs (Q=1.1), the KIC lies in the range of 29.4 – 
29.6 MPa√m. For the material with GBs having intermediate strength (Q=1.5), KIC lies in 
the range of 24.8 – 26.8 MPa√m. For the material having the weakest GBs (Q=2.0), KIC 
ranges from 20.7 – 23.3 MPa√m. The experimentally obtained value of KIC for unalloyed 
Mo with a grain size of ~97 µm is 21.9-26.5 MPa√m [76]. Therefore, the KIC values 
calculated using the weaker GBs [ ]( )1.5,2Q∈  are in agreement with the experimental 
values. Figure 5.3(b) can be used to analyze the different fracture mechanisms operative at 
different GB strength levels. Pure mode-I straight transgranular crack propagation 
dominates when the GBs are nearly as strong as the grains (Q=1.1, Figure 5.1(a)). As the 
GBs become weaker (Q increases), intergranular crack propagation starts to dominate. 
Also, the transgranular cracks preferentially propagate through interfaces perpendicular to 
the loading direction in a mode I fashion. The same trends are observed in all samples in 
the statistically equivalent microstructure sample set (SEMSS), with the fluctuations 
among the samples in the set indicated by the error bars. In the process, the crack path 
tortuosity ξ  increases and approaches a plateau as Q increases beyond 1.5. The 
experimentally obtained fractographs for pure Mo with randomly oriented grains indicate 
that both intergranular and transgranular fracture mechanisms are operative (Figure 5.4). 
Sturm et al. report that the addition of Si renders the GBs more brittle, resulting in 
dominance of intergranular fracture as shown in Figure 5.4(c). This observation matches 




weaker GBs are in agreement with the experimental observations in terms of both the 





Figure 5.1: Crack propagation in a representative microstructure from the SEMSS with ~ 
95 µm grain size for different levels of the ratio between maximum and minimum GB 








Figure 5.2: (a) Variation of load (P) and crack extension (Δa) with load line displacement 
(LLD), and (b) crack growth resistance curve in terms of J-integral vs crack extension (Δa) 
for different levels of the ratio between maximum and minimum GB strength. The grain 






Figure 5.3: (a) Fracture resistance in terms of Ji, JIC, Ki, and KIC over a range of Q (ratio 
between maximum GB strength and minimum GB strength), and (b) fractions of crack 
lengths inside grains and along grain boundaries, and the crack path tortuosity (ξ) over a 
range of Q . The grain yield strength is 385 MPa in all cases, and the SEMSS with ~ 95 













Figure 5.4: (a) Crack path in polycrystalline Mo [69], (b) transgranular crack propagation 






5.2.2 Competition between plasticity and crack formation 
In order to analyze the effect of constituent plasticity on the fracture mechanisms, 
four other levels of grain yield strength ( )285,  578,  770,  1000 MPayσ =  are considered. Three 
sets of calculations with different GB strength profiles are performed using the SEMSS for 
the ~95 µm grain size at all levels of the grain yield strength mentioned above. Figure 5.5 
shows the overall fracture toughness in terms of both Ki and KIC as a function of the yield 
strength normalized with the yield strength of the base material case ( )0 385 MPayσ = . The 
error bars indicate stochastic variation among samples in the SEMSS. The toughening 
effect of plasticity on fracture toughness values is more pronounced when the GBs are 
nearly as strong as the grain fracture strength. The amount of increase in crack growth 
resistance from initiation to steady state propagation decreases as the GB strength ratio 
increases. For 1.1Q = , Figure 5.5 (d) shows that the transgranular crack propagation 
prevails at all levels of grain plasticity. At the highest level of grain plasticity, crack 
initiates along the planes of maximum shear and as a result the crack path tortuosity is 
higher. Both crack path tortuosity and plasticity contribute to the enhancement of the 
overall fracture toughness. The effect is more clearly seen in the steady state fracture 
toughness (KIC) than in the initiation fracture toughness (Ki). For 1.5,Q = Figure 5.5 (e) 
shows that both intergranular and transgranular fracture are operative. At the highest level 
of grain plasticity, the higher value of crack path tortuosity is a consequence of both 
intergranular fracture and transgranular fracture through interfaces of maximum shear. The 
co-operative interplay of crack path tortuosity and plasticity promoted by the transgranular 




level decreases, intergranular fracture dominates over transgranular fracture. Even though 
intergranular fracture results in a tortuous crack path, the overall fracture toughness 
decreases due to the suppression of plastic dissipation caused by a lower fraction of 
transgranular crack propagation. At the lowest value of grain plasticity, again, intergranular 
and transgranular fracture contribute nearly equally to the overall crack path. However, the 
crack primarily propagates in a mode-I fashion, resulting in the toughening effect of crack 
path tortuosity and plasticity both negligible. In the absence of both toughening 
mechanisms, the fracture toughness is the lowest. For 2Q = , Figure 5.5(f) shows that 
intergranular crack propagation prevails at all levels of grain plasticity. Even at the highest 
level of plasticity, plastic dissipation is extremely low because the crack tends to propagate 
through weaker GBs. High crack path tortuosity results are seen in cases in which 
intergranular fracture dominates. This is partly due to the fact that a homogeneous grain 
constitutive model is used. This again leads to the highest fracture toughness. As grain 
plasticity decreases below a certain point ( )0 1.4y yσ σ ≥ , plastic dissipation becomes 
essentially negligible, and crack path tortuosity is the only remaining toughening 
mechanism. As a result, the fracture toughness values remain almost the same, independent 







Figure 5.5: (a)-(c) variations of Ki and KIC and (d)-(f) variations of the crack length 
fractions and crack path tortuosity with normalized grain yield strength at different levels 
of the ratio between maximum and minimum GB strengths. The SEMSS with ~95 µm 
grain size is used. 
 
 
5.2.3 Competition between surface energy release and plastic dissipation 
The same sets of simulations carried out using different grain yield strength levels 
and different GB strength profiles are considered here to delineate the competition between 
plastic dissipation and surface energy release rate. Again, the SEMSS has a grain size of 
with ~95 µm. Figure 5.6 shows the relative contributions of plastic dissipation and surface 
energy release rate to Ji and JIC. The error bars denote statistical variations among samples 
in the SEMSS. At the onset of crack propagation, surface energy release accounts more for 




plasticity contributes more than the surface creation to the steady state fracture resistance 
for 0 1.35y yσ σ ≤ . As the grain plasticity decreases, surface energy tends to dominate the 
fracture behavior, resulting in lower overall fracture toughness. For 1.5Q = , surface 
energy always contributes more than plasticity to the overall fracture toughness. The 
fracture toughness is the highest when the contributions from surface creation and plasticity 
are balanced. For 2Q = , plastic dissipation has a significant effect only at low yield stress 
levels, as for 0 1.5y yσ σ ≥  the fracture toughness is completely determined by surface 
energy dissipation. For the toughening effect of plasticity to be more pronounced, the 
mismatch between grain and GB fracture strengths should be low. As the surface energy 
along the GBs decreases, the crack preferentially goes through the GBs, suppressing plastic 
dissipation even when the grain yield stress is low. At lower levels of plasticity (higher 
grain yield stress), the surface energy term dominates and the fracture toughness ceases to 








Figure 5.6: (a) – (c) Ji and JIC, and (d) – (f) relative contributions of plasticity and surface 
energy release rate to the fracture resistance for different levels of normalized grain yield 
strength. The SEMSS of ~95 µm grain size is used. 
 
 
5.2.4 Effect of microstructural attributes on fracture 
To establish relations between the macroscale fracture behavior and microstructure, 
four SEMSS with different levels of mean intercept grain size are considered. For each 
SEMSS, three GB strength profiles are used. The grain yield strength is kept the same at 
385 MPa for all cases. Figure 5.7(a)-(d) show the crack paths in one representative 
microstructure from each of the four SEMSS. Figure 5.8 shows Ki, KIC, Ji, JIC, relative 
contributions of plastic dissipation and surface energy release in terms of Js/JIC, Jp/JIC, and 




analyzed, grain size and GB density do not have a significant influence on the fracture 
initiation resistance Ji and Ki. However, these attributes indeed have a significant influence 
on the steady state fracture toughness measures KIC and JIC. The fracture toughness is the 
highest when the grain size is 50-70 µm. At the finest grain size (~25 µm), intergranular 
crack propagation dominates, resulting in the highest crack path tortuosity. Consequently, 
plastic dissipation is suppressed and crack meandering is the only toughening mechanism. 
The corresponding fracture toughness is approximately 20% below the highest level seen 
for a grain size of ~70 µm. As the grain size increases to ~50-70 µm, transgranular fracture 
occurs in higher proportions. As a result, both plastic dissipation and crack path tortuosity 
act as toughening mechanism. A tortuous crack path arises not only due to the intergranular 
fracture, but also due to transgranular fracture along directions of maximum shear. 
Therefore, the material shows higher fracture toughness values. The contributions of 
surface energy and plasticity are nearly the same towards the overall energy dissipation for 
these intermediate levels of grain size. As the grains become even coarser (~ 100 µm), 
transgranular crack propagation begins to dominate and intergranular fracture is almost 
negligible. Transgranular fracture occurs primarily through mode-I direction and hence the 
crack path tortuosity is also insignificant. In this extreme case, plasticity is the only 
toughening mechanism and therefore, the material exhibits a slightly reduced fracture 







Figure 5.7: Crack propagation at different grain sizes. One sample from each of the four 
SEMSS with different grain sizes is used. The grain yield strength is 385 MPa, and the 





The grain size dependence of ductile fracture toughness varies from one material 
to the other. Some studies exist that attempt to capture a specific trend between the grain 
size and the fracture toughness [51, 102, 103]. Experimental studies on different material 
systems show that three types of trend could be found. (1) KIC increases with decreasing 
grain size as is observed in Ti, Al based alloys, (2) KIC is barely dependent on grain size 
like in α-Fe, and (3) KIC decreases with decreasing grain size as exhibited by Cu-Zn, Cu-
Ni, and NiTi alloys. Molkeri et al. [51] showed that fracture resistance of ductile material 
decreases with decreasing mean grain size. In our case KIC first increases slightly with 
decreasing grain size and then decreases with decreasing grain size. The trend depends 
upon the relative contributions of plasticity and new surface creation to the overall fracture 
resistance. In this case, the contribution of plasticity associated with transgranular crack 











Figure 5.8: (a) The fracture toughness measures, (b) relative contribution of plasticity and 
surface energy to fracture resistance, (c) the crack propagation mechanisms in terms of the 
crack path fractions, and (d) the crack path tortuosity, as function of the mean intercept 
grain sizes. The grain yield strength is 385 MPa, and the GB strength profile correspond to 
Q = 1.5 in all cases. 
 
 
The interplay between transgranular and intergranular crack growth with 
constituent plasticity via crack path tortuosity explains the observation that fracture 
toughness is the highest at coarser grain sizes in the 50-70 µm range. As the grain size 




probability of intergranular crack propagation increases. Therefore, for a microstructure 
with fine grains (~30 µm), intergranular crack propagation dominates, causing an overall 
reduction in fracture resistance. For microstructures with 70-90 µm grains, comparable 
amounts of transgranular and intergranular crack propagation takes place. The higher mean 
free paths for transgranular crack propagation also contribute to maintaining constituent 
plastic dissipation. 
 
5.2.5 Stochasticity in fracture 
Variations at the microstructure level result in considerable scatter in fracture 
toughness values and is a primary source of material behavior stochasticity at the 
macroscopic scale. An analysis is carried out using the results for 385yσ =  MPa, 1.5,Q =  
and the four SEMSS. Each set consists of 20 statistically similar samples. The two-
parameter Weibull distribution function is used to quantify the probability of observing a 












 = = − − 
   
  (5.1) 
 
where, K0 and mf  represent the normalization factor and the shape factor, respectively. The 
normalization factor (K0) can also be interpreted as the value of fracture toughness with a 
63% probability. It can be used as a characteristic fracture toughness value. Figure 5.9 
shows the probability distribution for three grain sizes. The result for the 48 µm grain size 




grain sizes. The distribution is the widest for the smallest grain size which has the highest 
density of weaker GBs. Since all bulk and interfacial properties are taken as deterministic 













Figure 5.9: Cumulative probability of fracture as function of fracture toughness. The 
symbols represent calculated results and the lines represent fits to the Weibull distribution. 
The grain yield strength is 385 MPa and GB strength profile corresponds to Q = 1.5. 
 
 
To relate the stochasticity in fracture toughness to GB behavior, the probability 
distribution of fracture toughness at three values of Q are shown in Figure 5.10. The lines 
are fits to eq.(5.1). The SEMSS with the ~95 µm grain size is used along with a yield 
strength of 385 MPa. Scatter is lowest at Q = 1.1 and increases as Q increases, suggesting 














Figure 5.10: Cumulative probability of fracture as function of fracture toughness for three 
different GB strength profiles. The symbols represent calculated results and the lines 
represent fits to the Weibull distribution. The grain yield strength is 385 MPa and the 
SEMSS with ~95 µm grain size is used.  
 
 
5.2.6 Characterization of fracture toughness 
To delineate the trend of fracture toughness variation with microstructural attributes 
and GB behavior, contributions of grain boundary energy and plasticity are assessed as 
functions of the grain size and the GB strength profiles. To this end, the grain size and the 
grain boundary strength profiles are varied while the grain yield strength is kept at 385 
MPa. The grain size and the GB strength profiles directly influence the fracture 
mechanisms. Hgb increases as Q increases (i.e., as overall GB strength decreases) and as 
the mean intercept grain size decreases. The combined effects of Q and <G> can be 










 = − −
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  (5.2) 
 
where, <G> is in µm, and D is a fitting parameter in µm. D = 18.34 µm when the grain 
yield strength is at 385 MPa. It is to be noted that the lowest value possible for Q is 1 which 
corresponds to uniform boundary strength. Figure 5.11 shows the trend revealed by 
calculations. The form of the equation satisfies the limiting conditions, i.e., (a) when Q = 
1, the material is homogeneous without microstructure (as the highest GB strength is the 
same as the fracture strength inside the grains), and hence Hgb = 0; (b) when <G> tends to 
0, the microstructure has extremely fine grains with negligible mean free path for 
transgranular fracture, and hence Hgb = 1. 
 
The surface part of the energy release rate JS can be evaluated using eqs. (5.2) and 
(4.11) for each crack path (each sample) as a function of grain size and GB strength profile. 
For each material case (each SEMSS), the mean value of JS can be expressed as a function 
of the mean crack path tortuosity ( )ξ  and the mean GB energy ( )gbΦ , i.e., 
 





  −  = Φ + Φ −Φ −     
  (5.3) 
 
where, , ,  and g gb SJΦ Φ  are in kJ/mm2. As expected, when Q = 1, ,gS g SJ Jξ= Φ =  which is the 




the other hand, when 0,G →  1,gbH →  and ,gbS gb SJ Jξ→ Φ →  which is the average surface 
energy release rate due to GBs only.  
 
To assess the plastic part of the energy release rate, JP is plotted as a function of the 
transgranular crack path ratio in Figure 5.12. The relation can be described by 
 
 1 ,g gP P g P gbJ J H J H= = −   (5.4) 
 
where, gPJ  is the plastic part of the energy release rate for a homogeneous material without 
GB and is measured in kJ/mm2. When Hg = 1, the material is homogeneous, Hgb = 0, and 
g
P PJ J= . 21.34 kJ/mmgPJ =  at the grain yield strength of 385 MPa. For each material case 
(SEMSS), eqs (5.2) and (5.4) allow the mean value of JP to be obtained as a function of 
grain size and GB strength profile as  
 







 − = − 
  
  (5.5) 
 
Finally, the mean value for JIC can be obtained as a function of the mean grain size and the 
GB strength profile by combining eqs. (5.3) and (5.5). The relation is given by 
 
 ( ) ( ) ( )1 1exp exp .
2
gb g gb g
IC S S S P
D Q D Q
J J J J J
G G
   − −
   = + − − + −
      





Again as expected, when Q = 1, ;g gIC S PJ J J= +  and when 0,  ,gbIC SG J J→ →  the contribution 
from plasticity becomes negligible. Figure 5.13 compares the mean JIC value calculated 
from eq. (5.6) (dash line), with numerical results over a range of values of the characteristic 
microstructure parameter ( )1 / .D Q G−  The trend and values are in good overall 
agreement with each other. This equation captures the overall trend of JIC decreasing with 
increasing Q and decreasing <G>. The relation also shows that the influence of 
microstructural heterogeneities is more on the surface part of the energy release rate than 
on the plastic part. Surface energy dominates at higher values of Q (weaker and more 












Figure 5.11: Fraction of intergranular crack length as a function of the microstructure 
characterized by the parameter ( )1Q G− in µm-0.5. The dash line represents fit to eq. 














Figure 5.12: Mean plastic part of the energy release rate as a function of the transgranular 












Figure 5.13: ICJ  as a function of microstructure as characterized by the dimensionless 
parameter ( )1D Q G− . The dash line represents the mean relation in eq. (5.6). The 






Thus, analyzing the effect of GB characters provides important insights. The 
transgranular fracture is identified to be one primary toughening mechanism in ductile 
materials. Unlike the brittle materials, intergranular fracture acts as a less effective 
toughening mechanism and almost always leads to embrittlement in a ductile 
microstructure. The overall fracture resistance increases with increasing grain size which 
can be attributed to the increasing mean free path for transgranular crack propagation and 
an enhanced contribution of associated plasticity. The overall fracture resistance becomes 
independent of the constituent plasticity if the microstructure contains a well-connected 
network of weak GBs. In that case, even the lowest level of yield stress would not have an 
effect since the crack propagates almost entirely through the brittle GBs. The results 
obtained from the numerical simulations are in good agreement with the experimentally 
obtained fracture toughness values. Also, the fracture mechanisms match with that 
observed from fractographic analyses. Moreover, the trend in variation of fracture 
toughness with grain size are in good agreement with the experimentally and 
computationally observed trends reported earlier. Therefore, our computational framework 
not only provides important insights regarding structure-property relations at different 











 In this chapter, the capability of the previously reported computational framework 
is extended to model the anisotropic deformation of grains using a crystalline plasticity 
formulation. The model explicitly tracks crack propagation through the polycrystalline 
microstructure with random and preferred grain orientations and accounts for GB 
misorientation. The effects of grain orientation on competition between transgranular and 
intergranular ductile fracture is systematically studied. The analyses carried out focus on 
characterizing the overall fracture resistance in terms of KIC, JIC as function of 
microstructural attributes that include grain size, grain orientation, GB misorientation, GB 
density etc. Multiple statistically equivalent microstructure sample sets (SEMSS) are used 
to assess the stochasticity in the macroscopic fracture toughness due to microstructural 
heterogeneity variations. Further analyses of the results from this computational 
framework facilitate developing empirical models that establish fracture toughness as 
function of microstructural attributes. Although the material of focus here is Mo, the 
framework and the model can be used for other materials as well. 
 
 Section 6.2 mentions the computational settings used for this analysis. Section 6.3 
describes the effect of texture on overall fracture resistance. Section 6.4 analyzes the 
influence of texture in terms of grain size distribution, misorientation angle dependent GB 
density, and the primary slip system density. Section 6.5 finally establishes the structure-




6.2 Numerical simulations 
In order to understand the effects of grain orientation, simulations are performed on 
five SEMSS with different fractions of textured grains (TG) in the range 0% - 100%. 
Crystalline plasticity formulation is used to account for the anisotropy of the grains. 
Misorientation dependent GB interfacial law is assumed like all other previous cases. The 
homogenized region beyond the microstructure assumes a simple bi-linear elastic-plastic 
law as described in chapter 3. The results of the microstructure based CFEM calculations, 
the subsequent fracture toughness characterization, and analyses are discussed in this 
section. All samples in the SEMSS are subjected to the same loading. Systematic 
comparisons of the fracture trends and the mechanisms are made in terms of KIC, JIC, H, 
and ξ. 
 
6.3 Effect of texture on overall fracture resistance 
To delineate the effect of grain orientation, five sets of simulations are performed 
using microstructures with five different fractions of textured grains (TG). Figure 6.1 
shows the crack growth resistance curves for five representative microstructures from each 
SEMSS with different fractions of TG. The fracture resistance at the initiation of crack 
growth is defined as the initiation fracture resistance Ji. The crack initiation resistance is 
significantly higher in the SEMSS with 100% TG compared to all other cases. The fracture 
resistance when crack growth attains a steady state is defined as the JIC. The rise of the 
crack growth resistance curve before it reaches steady state increases with increasing 




significantly high for the SEMSS with 30-70% TG. The crack growth resistance reaches 
the steady state at a higher level of crack extension compared to the two extreme cases of 
















Figure 6.2 exhibits the initiation and steady state fracture resistance in terms of Ji, Ki, 
JIC, and KIC as a function of the fraction of TG. The error bars denote statistical variations 
among samples in the SEMSS. The initiation fracture toughness does not vary much with 
increasing fraction of the TG, however, the Ki is considerably high for the SEMSS with 
100% TG. On the other hand, there is an overall increase in the KIC with increasing fraction 













Figure 6.2: Fracture resistance in terms of Ji, JIC, Ki, and KIC as a function of the 




Figure 6.3 depicts crack propagation in representative microstructures from each of 
the five SEMSS. In the SEMSS with 0% TG, crack almost always prefers to propagate 
through the GBs. In case of the SEMSS with 30% TG, intergranular crack growth changes 
its course to transgranular as the crack encounters a considerably long mean free path for 
fracture through the grains of {011}<100> texture. As the fraction of TG further increases 
(50% - 70%) in the microstructure the crack cuts through the grains of both random texture 
and {011}<100> texture. In the SEMSS with 100% TG, the crack cuts through the grains 
with {011}<100> texture. However, it does not penetrate through the grains of 
{001}<110> texture. It passes through the boundaries between these two differently 




fraction of the TG. The fracture mechanisms in terms of the crack path ratio and crack path 
tortuosity are quantified in Figure 6.4. The fraction of intergranular crack path decreases 
with increasing fraction of the TG. The crack path tortuosity follows the same trend as that 
of the intergranular crack path ratio. The tortuosity caused by the intergranular fracture 
decreases with increasing fraction of the TG. This observation is consistent with the trend 
shown by the overall fracture toughness values. Figure 6.5 delineates the competition 
between plastic deformation and crack face generation in terms of their relative 
contributions to the overall fracture resistance. The relative contribution of new surface 
creation to the overall energy release rate decreases with increasing fraction of the TG. As 
expected, the relative contribution of plasticity increases with increasing fraction of the 

































Figure 6.4: fractions of crack lengths inside grains and along grain boundaries, and the 













Figure 6.5: relative contributions of plasticity and surface energy release rate to the 
initiation and steady state fracture resistance for different proportions of textured grains. 
 
 
6.4 Characterizing the influence of microstructural attributes 
Texture influences microstructure in multiple ways. Variation in the fraction of TG 
leads to variation in (1) the effective grain size distribution, (2) the fraction of grains with 
favorably oriented primary slip systems (PSS), and (3) the GB characteristics. To 
understand the overall effect of texture on fracture in terms of the fracture toughness, 
competition between fracture mechanisms, and between plasticity and crack face creation, 








6.4.1 Effect of grain size 
The grain size controls the mean free path available for transgranular fracture and 
thus influences primarily the plasticity part of the overall fracture resistance as is evident 
from our prior work. As the fraction of TG increases, the maximum effective grain size 
increases although the mean grain size remains nearly the same. The SEMSS with 0% TG 
exhibits symmetric grain size distribution centered at ~70 µm. The SEMSS with 50-70% 
textured grains depicts randomly distributed islands of grains with ~70 µm mean intercept 
grain size embedded in relatively coarse matrix of TG. The mean intercept grain size of the 
coarser grains increases with increasing fraction of the TG. Figure 6.6 shows that the KIC 
increases with increasing maximum value of the mean intercept grain size. This is 
attributed to the increasing contribution of plastic dissipation associated with increasing 










Figure 6.6: Fracture toughness in terms of KIC, relative contribution of plasticity to JIC, 





6.4.2 Effect of favorably oriented primary slip systems 
Favorably oriented PSS facilitates plastic deformation in grains. As the fraction of 
TG increases, the fraction of grains with favorably oriented PSS also increases. As reported 
in the literature [97] the critical resolved shear stress for slip is the lowest for ( )[ ]101 111  
slip system followed by ( ) ( ) ( )011 111 ,  011 111 ,  and 101 111           . As the fraction of grains 
with these four PSS aligned with the specimen plane increases the plastic deformation 
resulting in an overall increase in the fracture resistance. As plastic deformation sets in at 
the crack tip very early in the loading process, crack initiation becomes more and more 
difficult with a higher fraction of PSS. In the SEMSS with 0% TG, the matrix phase has 
favorably oriented ( )[ ]101 111 slip system due to its Goss texture. The contribution of 
plasticity to crack initiation resistance becomes considerably high due to easier onset of 
plastic deformation through activation of slip. Once the crack initiates it tends to propagate 
through the matrix until it encounters a grain with a rotated copper component of texture. 
Activation of slip is rather difficult in grains with favorably oriented ( )011 111    slip system 
compared to the grains with favorably oriented ( )[ ]101 111 slip system. Transgranular 
fracture prefers the latter type of grains and changes its course to intergranular when it 
encounters the first type. The grains with rotated cube type texture has favorably oriented 
( )011 111    slip systems and behave as harder grains in a softer matrix with Goss component 
of texture. This could be seen in Figure 6.3(e). Since the transgranular crack propagation 
through the grains of Goss texture results in significant plastic dissipation around the 
growing crack, the relative contribution of plasticity to steady state fracture resistance also 













Figure 6.7: Fracture resistance in terms of JIC, relative contribution of plasticity to JIC, as 
a function of the fraction of grains with favorably oriented primary slip systems (PSS). 
 
 
The assumption of single slip artificially renders the grains harder. A fully 
developed 3D model or assumption of multiple planar slip in a 2D framework is required 
to completely understand the correlation of cracking with different slip systems. However, 
this simplified model does a reasonable job in capturing the trend between fracture and 
primary slip. 
 
6.4.3 Effect of GB characteristics 
Again, for the sake of simplicity, GBs are characterized based on only their 
misorientation angle. No symmetry operation is performed and hence the misorientation 
angle ranges between 0˚ and 180˚. Our previous work shows that the overall fracture 




density decreases almost linearly with increasing fraction of the TG. As the weaker GB 
density increases, the crack tends to propagate more through the GBs resulting in an overall 
increase in the intergranular crack path ratio (Figure 6.8). That means the relative 
contribution of crack face generation to the overall fracture resistance is higher for the 
SEMSS with higher fraction of the randomly orientated grains. The crack path tortuosity 
also follows the same trend as that of the intergranular crack path ratio. The crack initiation 
almost entirely depends upon the energy contribution of the new surface creation for the 
SEMSS with 0% TG. On the other hand, contribution from plasticity wins over the 












Figure 6.8: Fracture toughness in terms of KIC, relative contribution of surface energy to 






6.5 Quantification of the correlation between fracture and 
microstructure attributes 
To delineate the trend of fracture toughness variation with microstructural 
attributes, contributions of surface energy and plasticity are assessed as functions of the 
grain size, fraction of grains with favorably oriented PSS, and misorientation dependent 
weaker GB density. To quantify the microstructural attributes together, we define a 
microstructure descriptor M that takes into account the effective grain size distribution, 
fraction of PSS, grain boundary strength profile, and the misorientation dependent weaker 











= −   
 
  (6.1) 
 
where, Wgbρ  is in mm-1. The grain size distribution is characterized by the ratio of mean 
intercept grain size ( )G  to the maximum grain size ( )maxG . This ratio signifies the 
skewness in the grain size distribution. The Q  is kept constant at 1.5 for all calculations. 
Figure 6.9 depicts the M as a function of the grain size distribution descriptor and the ratio 
of weaker GB density to fraction of grains with favorably oriented PSS. The weaker GB 
density and the fraction of PSS has opposite effects on the overall fracture toughness. The
0M =  signifies a homogeneous material with no microstructural heterogeneities and 
M →∞  when the microstructure is full of weaker GBs and no significant fraction of grains 






Figure 6.9: The microstructure descriptor (M) as a function of the grain size distribution 
descriptor and the ratio of weaker GB density to the fraction of grains with favorably 
oriented primary slip systems. 
 
 
The M is defined in such a way that for each SEMSS the intergranular crack path 










 = − − 
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where 0M  is in mm-1. The form of the equation satisfies the limiting conditions. As 
,Wgbρ →∞  i.e., the microstructure is composed of only the weaker GBs, and/or 0,PSSgf →
i.e., none of the grains have favorably oriented PSS and hence fracture is completely 
governed by relative surface energy, ,M →∞  and the cracks always tend to propagate 
through the GBs, and thus 1.gbH →  Also, as max ,G G  i.e., the grain size distribution is 
highly skewed, and/or 0,Wgbρ →  i.e., the material no longer contain microstructural 
heterogeneities 0,M →  the crack always tend to propagate through the grains and hence 
0.gbH →  The results from the five SEMSS are used to obtain the values of 0M  and m. For 
our material 10 753.47 mm ,M −=  and 0.3714.m =  Figure 6.10 compares the results from 
computational model and the fit to eq.(6.2).  
 
The surface part of the energy release rate SJ  can be evaluated using eqs. (4.11) 
and (6.2) as a function of the microstructure descriptor. For each material case (each 
SEMSS), the mean value of SJ  can be expressed as a function of the mean crack path 










     = Φ + Φ −Φ −  
     
  (6.3) 
 
where, , ,g gb SJΦ Φ  are in kJ/mm2. As expected, when 0M = , ,gS g SJ Jξ= Φ =  which is the 




the other hand, when ,M →∞  1,gbH →  and ,gbS gb SJ Jξ→ Φ →  which is the average surface 
energy release rate due to GBs only.  
 
To assess the plastic part of the energy release rate, PJ  is plotted as a function of 
the transgranular path ratio in Figure 6.11. The relation can be described by 
 
 ( ) ( )1 ,n ng gP P g P gbJ J H J H= = −   (6.4) 
 
where, gPJ  is the plastic part of the energy release rate for a homogeneous material without 
GB and is measured in kJ/mm2. When 1,gH =  the material is homogeneous, 0,gbH =  and 
2.85gPJ =  kJ/mm2 and 1.13n =  for this particular material. For each SEMSS, eqs. (6.2) and 
(6.4) allow the mean value of PJ  to be obtained as a function of the microstructure 










   = −  
   
  (6.5) 
 
Finally, the mean value for ICJ  can be obtained as a function of the microstructure 






gb g gb g
IC S S S P
M MJ J J J J
M M
         = + − − + −      
         





Again as expected, when 0,M =  ;g gIC S PJ J J= +  and when ,  ,gbIC SM J J→∞ →  the contribution 
from plasticity becomes negligible. Figure 6.12 compares the semi-empirical model with 
the computationally obtained results. They match pretty well with each other. The trend 












Figure 6.10: Mean intergranular crack path ratio as a function of the microstructure 















Figure 6.11: The contribution of plasticity as a function of the transgranular crack path 












Figure 6.12: Mean fracture resistance as a function of the microstructure descriptor. The 
discrete data points are obtained from the computational model, and the solid line 






The previously developed framework for capturing the interplay between grain 
boundary structure and constituent plasticity in ductile metals is extended to incorporate 
the effects of grain orientation. The framework is used to explore the fracture processes in 
microstructured metals and relate their fracture toughness to microstructure. The focus is 
on the effects of grain orientation, grain size, and misorientation dependent GB 
characteristics as microstructural attributes of interest.  
 
The framework and analysis have yielded significant insights. The contributions 
include the development of a J-integral based method for predicting the fracture toughness, 
capturing the competition between transgranular and intergranular fracture, and 
quantification of the tradeoff between microstructure-induced crack tortuosity and 
constituent plasticity as a function of grain orientation. The overall fracture toughness 
increases with increasing fraction of textured grains in the microstructure. This is attributed 
to the three microstructural attributes that are primarily influenced by the proportion of 
textured grains and texture types. Increase in the fraction of the textured grains increases 
the skewness in the effective grain size distribution resulting in an increase in the mean 
free path for transgranular crack propagation. The type of texture controls the fraction of 
grains with favorably oriented primary slip systems and thus governs the plastic dissipation 
associated with the transgranular crack propagation. The type of texture and the fraction of 
textured grains also control the GB misorientation angle distribution and thus the weaker 






7 COMPARISON BETWEEN 2D AND 2.5D MICROSTRUCTURE-





The microstructure sensitive modeling of fracture discussed so far was implemented 
in 2D. 2D approximations of microstructure-sensitive fracture works adequately well in 
terms of establishing the basic trends between fracture toughness and microstructure 
attributes, capturing the competition between transgranular and intergranular fracture in a 
polycrystalline microstructure. Even though 2D computations have certain advantages in 
terms of expenses it uses multiple assumptions for the sake of simplification. Because of 
these assumptions, the interactions between different mechanisms becomes more 
comprehensible. However, the 2D formulation cannot completely model the physics of 
plastic deformation and associated fracture mechanisms. As we tend to develop 
mathematical expressions to model fracture toughness as functions of microstructure 
attributes, the basic model should be able to consider the underlying physics of fracture in 
3D. This chapter develops a 2.5D model and compares with the 2D model developed 
earlier. 
 
In this chapter, section 7.2 describes development of a 2.5D computational 
framework. Section 7.3 compares 2D, and 2.5D models in terms of fracture toughness, 





7.2 Microstructure sensitive 2.5D modeling of fracture 
In order to capture the physics of plastic deformation and fracture in 3D, first a 2.5D 
formulation is developed. This formulation uses the 2D slices of 2.5D microstructures with 
the assumption of generalized plane strain. The details are described in the following 
subsections. 
 
7.2.1 Computational configuration 
In order to extend the current 2D model to 3D, first a generalized plane strain 
framework is developed. Again, a compact tension [104] type specimen is used to simulate 
the laboratory scale fracture toughness tests. The polycrystalline microstructure enters the 
design space at the crack tip of the pre-cracked CT specimen. Sub-sized specimens that 
follow all the specifications of ASTM standard [86] for the plane strain fracture toughness 
and J-integral measurement are considered. The overall dimensions of the 3D CT specimen 
are on the order of 6.12 mm × 6 mm × 2.5 mm as shown in the Figure 7.1. The 
microstructure region is 2.5 mm × 2.5 mm × 2.5 mm in dimensions and is inserted around 
the tip of the pre-crack of length 2.25 mm. CFEM and crystal plasticity are implemented 
only in the microstructure region. The microstructure region is stitched to the homogeneous 
part of the specimen using a mesh-tie constraint following Li and Zhou [23]. The size of 
the microstructure region is so chosen that the plastic zone is contained within the region. 
Mode-I loading is effected through an imposed displacement of 1 mm as indicated in the 
Figure 7.1. The edges of the specimen are traction-free and conditions of generalized plane 




computational configuration effectively reduces to a 2.5D configuration as in Figure 7.2. 
The model uses 2D microstructures under generalized plane strain with 3D material 
models. Therefore, the overall computational configuration can be termed as 2.5D.  
 
 
Figure 7.1: 3D CT specimen with a 3D microstructure region containing columnar grains 




















7.2.2 Material models 
For the 2.5D model, a 3D crystalline plasticity formulation is adopted for the grains. 
The traction-separation law for the interfaces are also formulated in 3D. The homogeneous 
section outside the microstructure region still follows a simple bi-linear elastic-plastic 




7.2.2.1 Crystal plasticity formulation for the grains 
A full 3D crystal plasticity formulation is adopted for bcc Mo. A linear orthotropic 
elasticity is used for the grains. The multiplicative decomposition of the total deformation 
gradient is given by 
 
 e p= ⋅F F F ,   (7.1) 
 
where eF  is the elastic deformation gradient representing the elastic stretch and rotation 
of lattice, and pF  is the plastic deformation gradient describing the collective effects of 
dislocation motion along the active slip planes relative to a fixed lattice in the reference 
configuration. Unit vectors 0
αs  and 0
αn  denote the slip direction and the slip plane normal 
direction, respectively for the thα  slip system in the undeformed configuration. The 
resolved shear stress on each slip system is related to the Cauchy stress tensor σ  according 
to  
 
 ( ) ,α α ατ = ⊗σ: s n   (7.2) 
 
where the slip vectors have been rotated into the current configuration. Under the 
application of the resolved shear stress, the shearing rates αγ  on the slip systems are related 





 0 0 ,
p α α α
α
γ= ⊗∑L s n   (7.3) 
 
with αγ  ascribed to follow the rate-dependent flow rule as 
 






τ χγ γ τ χ−= −    (7.4) 
 
where m  is the inverse strain rate sensitivity exponent and gα  and αχ  are drag stress and 
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  (7.5) 
 
Here qαβ  is the latent hardening coefficient, H , kinA  and dynA  are the isotropic 
hardening, kinematic hardening and dynamic recovery coefficients, respectively. These 
non-linear coupled differential equations are solved using UMAT [95]. The parameters are 
given in Table 7.1. 
 
For Mo with bcc crystal structure 24 slip systems of {110}<111> type are 
considered since the prior experimental works suggest that almost under all circumstances, 
activation of the {110}<112> type slip systems is rather rare [96-99]. Also, for bcc crystals, 




twinning asymmetry in yielding. The criterion for yielding thus considers two shear 
stresses parallel and two shear stresses perpendicular to the slip direction, both resolved in 
two different {110} planes of the zone of the slip direction. For the [111] slip direction  
such a yield criterion is expressed as [97], 
 
 ( ) ( ) ( ) ( )101 101 101 1011 2 3 ,CRSSa a aσ σ τ τ τ+ + + =   (7.6) 
 
where { }110σ  and { }110τ  are the shear stresses parallel and perpendicular to the slip direction, 
respectively, in the corresponding {110} planes. The first term in the above equation is the 
Schmid stress and this drives the dislocation motion in the glide plane and does work 
through the glide. The last three terms are the non-Schmid stresses that affect the 
dislocation core but do not do any work when the dislocation glides. The values of the 
coefficients a1, a2, and a3 are taken from[97]. 
 
The uniaxial effective stress strain response obtained from 3D crystal plasticity 
formulation matches very well with the experimentally obtained stress-strain curves. The 
2D crystal plasticity model made the grains harder. Figure 7.3 compares the 2D vs 3D 
plasticity models and experimentally observed stress-strain curve. 
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7.2.2.2 Traction-separation law for interfaces 
 
In order to model arbitrary crack propagation through the grains and GBs, cohesive 
elements are inserted everywhere within the microstructure region. The cohesive elements 
follow a bilinear traction separation law implemented in ABAQUS. In this cohesive model, 
the traction applied on any cohesive surface (T) is work conjugate to the interfacial 
separation ( ).δ For zero thickness cohesive elements, the 3D uncoupled traction-
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where nT = ⋅n T , sT = ⋅s T , ttT = ⋅T , nδ = ⋅n δ , tδ = ⋅t δ , and sδ = ⋅s δ  are the normal 
and two tangential components of T and ,δ respectively, and n , is the unit vector normal 
to the cohesive surface; t  and s  are the unit vectors tangential to the cohesive surface. K
represents the stiffness tensor connecting T and δ . ncδ , tcδ , and scδ  are the critical normal 
and shear separations at which the cohesive strength vanishes and the cohesive element 
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= = = 
  (7.8) 
 
In our calculations, the maximum cohesive strength remains the same in all three 
directions and is denoted as Tmax. Damage evolves linearly and the material softens until 
the energy dissipated reaches the critical cohesive energy level denoted as 0Φ . A scalar 
damage variable D represents the overall damage behavior in the material, and the traction 
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where ′T  represents the traction components predicted by eq. (7.7) without 
considering damage. The limiting values of 0D =  and 1D =  correspond to zero 
separation and complete element degradation, respectively. Complete separation occurs 
when the resultant separation ( )2 2 2m n s tδ δ δ δ= + +  reaches the critical value of separation 






mT δ⋅ ⋅ = Φ   (7.10) 
 
The normalized traction τ  and the normalized separation λ  shown in the Figure 
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m mλ δ δ=  denotes the normalized separation at which damage sets 
in and the traction reaches the maximum value. Hence the reciprocal of 0λ  represents the 





In order to incorporate the effect of GB characteristics on fracture, we invoke the 
theory of internal state variables and express the cohesive parameters as function of the GB 
misorientation angles. Different properties are assigned to the interfaces within the grains 
and along the GBs. Along the GBs, the cohesive energy of the interfaces vary with the GB 














Φ = Φ 

= 
  (7.12) 
 
According to the experimental observations reported in the literature [69], GBs with 
misorientation between 15˚-75˚ are more prone to fracture than the other boundaries. The 
variation of fracture strength with the GB misorientation angle as reported in [69] could be 
approximated by a sinusoidal function as formulated below. 
 
 


























  (7.13) 
 
GT  and minGBT  represent the maximum and minimum values of the GB fracture strength ( )GBT
, respectively. The maximum value of the GB fracture strength is the same as the interfacial 
strength within the grains ( )maxGB GT T= . Figure 7.4(b) shows profiles of the GB fracture 




distinguished by the ratio min/G GBQ T T= , which represents the degree of variation of ( )GBT θ  
as the GB misorientation angle changes. The values of the cohesive parameters used are 
shown in the Table 7.2. The maximum cohesive energy used in this model scales with the 
fracture toughness of pure Mo. The range of misorientation dependent variation of the GB 




Figure 7.4: (a) normalized traction vs normalized separation for crack faces, (b) grain 
boundary fracture energy as a function of misorientation angles. 
 
 
Table 7.2: Interfacial parameters for the 3D traction separation law 
 
 


















Since we assume a generalized plane strain condition, the grain structure and their 
orientation distribution function are invariant in the Z direction and so is the misorientation 
distribution for the grain boundaries. Figure 7.5 shows two representative 2.5D 
microstructures with columnar grains. The microstructure in Figure 7.5(a) consists of 
randomly oriented grains, and the microstructure in Figure 7.5(b) constitutes of textured 
grains with two preferred texture components. As the thickness directions show, the 
microstructure and its orientation distribution does not change in that direction. Therefore, 
2D slices of this columnar 3D microstructure represent the whole structure under the 
generalized plane strain assumption as shown in Figure 7.6. The 2D slices of these 3D 
columnar grain structures with 0%, 30%, 50%, 70%, and 100% textured grains (TG) are 
shown in Figure 7.7. In order to compare the results of 2.5D modeling with that of the 
previously described 2D, the orientation distribution functions and the grain structures are 
kept the same. The difference is that the slip is now not restricted to a single slip system 




































Figure 7.5: Instances of 2.5D microstructure with (a) 100% random grain orientations, (b) 
100% textured grains. 
 







Figure 7.7: 2D slices from each of the five 2.5D microstructure sample with different 




7.3 Comparison between 2D and 2.5D models 
In this section results from the 2.5D simulations are compared with the 2D results in 




7.3.1 Crack growth resistance curves 
The same method of calculating J-integral along a crack tip contour through the 
homogenized region of the specimen is employed here to determine the crack growth 
resistance curves. Figure 7.6 compares the crack growth resistance curves obtained from 
this 2.5D formulation and the 2D formulation obtained before for three microstructures 
with 0%, 50%, and 100% textured grains (TG). For the case of the microstructure with 
randomly oriented grains, or 0% TG, the crack growth resistance curves obtained from 
2.5D model and the 2D model fall close to each other. The 2D model underestimates the 
crack growth resistance both at crack initiation and when crack growth reaches the steady 
state. In case of the microstructure with 50% TG, the crack initiation resistance estimated 
from the 2.5D model is nearly equal to that estimated from the 2D model. However, the 
2D model considerably underestimates the steady state crack growth resistance. In case of 
the microstructure with 100% TG, the 2D model underestimates the crack initiation 
resistance. In addition, the 2D model also underestimates the steady state crack growth 
resistance. The fact that the 2D model underestimates the fracture resistance can be 
attributed to the assumption of restricted slip in a single slip system. Figure 7.7 shows the 
fracture toughness values in terms of Ji, JIC, Ki, and KIC of five microstructures with 0%, 
30%, 50%, 70%, and 100% of TG obtained from the 2.5D model and the 2D model. The 
effect of the fraction of TG on the crack initiation resistance follows similar trend in case 
of both the 2.5D and 2D model. The steady state fracture toughness values follow similar 
trend until the microstructure contains 100% of textured grains. In that case, the 2.5D 







Figure 7.8: Crack growth resistance curves obtained from 2.5D and 2D models for 













Figure 7.9: Variation of fracture toughness values measured in terms of Ji, JIC, Ki, KIC 
with fraction of textured grains in a microstructure using (a) 2.5D and (b) 2D models. 
 
 
7.3.2 Crack propagation mechanisms 
In order to understand the discrepancies in the results obtained from the 2.5D and 2D 
model, crack propagation paths are compared in Figure 7.8. The crack paths shown in three 
microstructures with 0%, 50%, and 100% TG obtained from the 2.5D model are quite 
similar to that obtained from the 2D model. In case of the microstructure with all randomly 
oriented grains, crack primarily grows along the grain boundaries. In case of the 
microstructure with 50% TG, both intergranular and transgranular mechanisms operate. 
Transgranular fracture dominates over intergranular crack propagation in case of the 
microstructure with 100% TG. The trends are reflected in the Figure 7.9. The crack path 
tortuosity monotonically decreases as the fraction of TG increases in the microstructure. 
The 2.5D and 2D models match well with each other in estimating the fracture mechanisms 








Figure 7.10: (a) – (c) crack paths in microstructures with 0%, 50%, and 100% textured 
grains estimated using 2.5D model; (d) – (f) crack paths obtained from the 2D model in 












Figure 7.11: Crack path ratios and crack path tortuosity as a function of the fraction of 
textured grains estimated using (a) 2.5D model and (b) 2D model. 
 
7.3.3 Plastic dissipation at the crack tip 
Since the crack path estimated by the 2.5D model is similar to that estimated by the 
2D model, the contribution of surface energy remains the same in both cases. This means 
that as expected, the 2D model underestimates the contribution of plastic dissipation. 
However, that does not explain why the 2D model overestimated the fracture toughness of 
the microstructure containing 100% TG. In order to reconcile the conflict, plastic strain 
associated with the crack tip is shown in the Figure 7.10. The figure shows that there is 
significant amount of plastic strain at the grain boundaries. This is an outcome of the 3D 
crystal plasticity formulation where multiple slip is activated, and plastic strain 
accumulates at the grain boundaries due to the incompatibility of slip system in the 
contacting grains. This results in finite amount of plastic dissipation associated with the 
intergranular cracking which is absent in the 2D model. In case of the 2D model, plastic 




cracking leads to higher contribution of plastic dissipation that is finally manifested by an 
overall increases in the fracture toughness. The toughening mechanism of intergranular 
cracking is only due to the crack path tortuosity. Since no plastic dissipation is associated 
with the intergranular fracture, toughening effect of a tortuous crack path can never 
compensate the reduction in fracture toughness due to grain boundary cracking and match 
upto the toughening effect of transgranular fracture. However, in the 2.5D model, since 
intergranular fracture is also associated with a certain degree of plastic dissipation, the 
toughening effect of intergranular fracture is now two-fold, (1) due to crack path tortuosity, 
and (2) due to plastic dissipation. In case of the microstructure with 100% TG, intergranular 
crack path is nearly absent. Now, the microstructure with 70% TG manifests the highest 
value of fracture toughness. This is attributed to the co-play of intergranular and 





Figure 7.12: Plastic strain associated with intergranular cracking as evaluated by the (a) 






The 2.5D and 2D models yield similar results in terms of the crack propagation 
mechanisms and the crack initiation resistance. However, the 2D model tends to 
underestimate the contribution of plastic dissipation to fracture owing to the single slip 
assumption. The 2.5D model uses a 3D crystal plasticity formulation that allows 
simultaneous activation of multiple slip systems in the microstructure with columnar 
grains. This model reveals that plastic dissipation is not only associated with transgranular 
fracture, but also, plastic dissipation can be caused by intergranular fracture. This explains 
why the microstructure with 100% textured grains exhibit a lower fracture toughness 
compared to that with a microstructure with 70% textured grains and 30% of grains 
randomly oriented. This critical revelation says that an optimum proportion of intergranular 
and transgranular fracture needs to be achieved for maximized fracture resistance. Also, 
this section shows that in order to develop mathematical functions to model the trends 












The entire work presented in this thesis addresses the primary concerns about structure 
property relations in terms of fracture behavior and microstructure attributes. The complete 
work can be classified into three basic segments. The first part describes the 2D 
computational framework and its capabilities. The second part uses this framework to study 
the effects of microstructure attributes on fracture toughness and fracture 
micromechanisms. The last part describes efficacy of the 2D framework and compares it 
with a 2.5D framework.  
 
In this chapter, section 8.1 discusses the specific contributions of this work. Section 
8.2 outlines the future scope of this work.  
 
8.1 Significance of Contribution 
As mentioned in the introduction, microstructure-sensitive modeling of fracture in 
polycrystalline ductile materials is still rare in the field of materials science. The 
understanding of overall fracture response as a function of the polycrystalline 
microstructure attributes is not completely comprehensible yet. In order to explore the 
fracture response as a function of microstructure, first a 2D multiscale computational 
framework is developed. The model uses a CT specimen under displacement controlled 




framework around the crack tip of the CT specimen. Owing to the cohesive finite element 
method adopted in the microstructure region, crack path is explicitly resolved within the 
grains and along the grain boundaries. Fracture toughness is calculated in terms of the J-
integral along a crack-tip contour through the homogenized section of the specimen. Owing 
to the CFEM framework the contributions of surface energy release rate and plastic 
dissipation are explicitly identified. Thus, the framework allows us to explicitly model the 
crack path, estimate the overall fracture toughness, and also capture competitions between 
intergranular and transgranular crack propagation, and also between plasticity and crack 
growth.  
 
The model is then applied to bcc Mo. The material model parameters are calibrated 
to match the properties of Mo reported in the literature. The interfacial law is formulated 
to incorporate the misorientation angle dependent grain boundary behavior as observed in 
experiments. The overall computational scheme worked well in evaluating fracture 
behavior of Mo both in terms of the fracture toughness and the fracture mechanisms.  
 
The effect of misorientation-sensitive grain boundary behavior on fracture is then 
characterized by systematically varying the grain boundary strength profiles in sets of 
randomly oriented grain structures. The overall fracture toughness decreases as the grain 
boundary fracture strength profiles become more skewed. The microstructure with a 
coarser grain size exhibits higher resistance to fracture owing to the availability of longer 
mean free path for transgranular fracture. Transgranular fracture is always associated with 




transgranular fracture causes higher toughening effect in ductile metals. Even though 
intergranular fracture has the potential of toughening through crack path tortuosity, a trade 
off exists. Crack path tortuosity due to intergranular cracking cannot compensate for the 
loss of toughness owing to crack propagation through low energy brittle grain boundary 
sites.  
 
Statistically equivalent multiple microstructure sample sets are used to characterize 
the stochasticity in fracture toughness values. The stochasticity increases with the 
increasing skewness in the grain boundary strength profiles. The fracture toughness and 
fracture micro-mechanisms obtained with different sets of microstructures facilitates 
development of mathematical relations that best describes the trends between fracture 
toughness and microstructure attributes. The mathematical expressions appreciate the 
multiscale nature of the problem and capture the competitive effects of surface energy, 
plastic dissipation; and transgranular, intergranular fracture. With more validation using 
realistic experiments these relations could be potentially used as material design tools. 
 
In order to explore the effects of crystallographic texture, the 2D framework is 
extended to incorporate a 2D crystal plasticity formulation for modelling the anisotropic 
deformation of grains. Again, multiple statistically equivalent polycrystalline 
microstructure sets are generated with varying fractions of grains with a preferred 
orientation. Two primary bcc texture components are used in this study. The results 
enumerate that the overall fracture resistance increases as the microstructure contains more 




grains modifies the grain size distribution, grain boundary misorientation distribution, and 
the density of favorably oriented primary slip systems. Therefore, by systematically 
varying the fraction of textured grains, the evolution of fracture toughness as functions of 
grain size distribution, weaker grain boundary density, and primary slip system density are 
established.  
 
The fracture toughness increases with increasing skewness in the grain size 
distribution which is consistent with our earlier finding. Fracture toughness also increases 
as the density of weaker grain boundaries decreases and the density of favorably oriented 
primary slip systems increases. Reduction is weaker grain boundary density results in 
dominant transgranular crack propagation which in turn causes higher plastic dissipation. 
Higher density of favorably oriented slip systems also leads to higher degree of plastic 
dissipation and thus the overall fracture toughness increases. These trends are then 
quantified using mathematical equations. A microstructure descriptor is devised that 
incorporates the texture information in terms of grain size distribution, weaker grain 
boundary density, and primary slip system density. With proper validation of the 
computational results this microstructure descriptor can be potentially used for materials 
design purposes. 
 
Finally, in order to understand the efficacy of 2D computations in modeling 
essentially 3D system, the capability of the model is extended to a 2.5D formulation. This 
computational framework uses 2D geometries with the assumption of generalized plane 




with columnar grains. A full 3D crystal plasticity model and 3D interfacial laws are 
adopted. The 3D crystal plasticity model allows activation of multiple slip systems and 
thus gets rid of the artificial hardening of grains in the 2D model imposed by restricted slip 
in a single slip system. This results in an important deviation from the 2D model. In the 
2.5D model, intergranular fracture also causes plastic dissipation near the grain boundaries. 
As a result, intergranular fracture also acts as an effective toughening mechanism. Hence, 
the proportion of intergranular and transgranular fracture needs to be optimized for best 
material performance. The 2.5D and the 2D model yield similar trends in crack initiation 
resistance and fracture mechanisms as a function of the fraction of textured grains. Even 
though the entire work is based on bcc Mo, it yields important insights that can be further 
explored to develop materials design tools for any material in future. 
 
8.2 Future scope of work 
In addition to providing important insights, this work also identifies multitudes of 
possibilities of further research both in computational and experimental gamut of work. 
First and foremost a full 3D model should be developed. 3D microstructures should be 
generated by systematically varying the microstructure attributes. The results of the 3D 
models should be compared with the 2D, and 2.5D models so that a more computationally 
efficient modeling scheme can be identified to perform this kind of numerical exercises.  
 
Series of experimentally obtained microstructures should be tested in order to 




microstructures with systematically varying microstructure attributes is a challenge. The 
3D printing techniques could be used to achieve that. 
 
Once the more computationally efficient model is identified, and validated with 
significant volume of experimental datasets, the myriads of numerical experiments should 
be carried out with statistically equivalent microstructure sample sets. Further analyses of 
the results would facilitate develop mathematical models as it is done here. The 
mathematical models thus developed can be reliably used as materials design tools. The 
theory of machine learning can also find its application in this part of the work.  
 
The above-mentioned exercises could be repeated for different materials systems. As 
the material changes, the crystal plasticity models would also have to be developed and 
modified accordingly. This opens up another gamut of future research. Also, the crystal 
plasticity models can be developed to directly account for dislocation density, void volume 
or void fraction etc..  
 
Thus, the significance of this work not only lies in the ingenuity of the models 
developed or the valuable insights that they generate, but also in the fact that it has the 
potential to open up new directions for future study. The relevance remains in its potential 
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